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Abstract 

We prove existence theorems for the double-free-boundary Bernoulli prob- 
lem in two space dimensions, in which, given the strictly-positive, smooth 
"flow-speed" functions at(p) : K 2 — t K+, i = 1,2, one seeks an ideal 
fluid flow in an annular flow-domain (also to be determined), whose 
boundary components Fi, i = 1,2, are such that |VC/(p)| = a,i(p) on Ti, 
i = 1,2, where U(p) : fl — >• fft denotes the stream- function in Q,. The 
existence result (Thms. 11.51 and 12. 4|) states that given a strict inner- 
solution pair (fi,f2) (defined such that (— iy(a,i(p) — |Vf7(p)|) < on 
Ti, i — 1,2) and a strict outer-solution pair (Fi,!^) (defined such that 
( — iy(a,i(p) — \VU(p)\) > on Fi, i — 1,2), such that the inner-solution 
pair lies component-wise inside the outer- solution pair, there exists a clas- 
sical solution pair (Fi,r2), which lies component- wise outside the inner- 
solution pair and inside the outer-solution pair. 

Consider Prob. 11.11 in the special case where the functions ai(p), «2(p) 
both coincide with a single strictly logarithmically subharmonic flow-speed 
function a(p) : G — > 5R+ defined in a finite annular domain G. We show 
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that any two classical solutions must coincide provided that both corre- 
sponding stream-beds lie in G and contain the same simple closed curve 
in G which encircles the interior complement of G. 

Finally, we apply Thm. ll.5l to construct continuously- varying and suitably 
monotone families of solution-pairs for the double- free-boundary Bernoulli 
problem corresponding to various parameter-pairs (Ai, A2) € and the 
related function-pairs (ai(p), 02 (p)) defined such that di(p) := Ai a(p) and 
a 2 {p) := A 2 a(p). 
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1 Introduction 

1.1 Existence 

Consider an ideal fluid, flowing in a channel in two-dimensional space under 
the influence of a potential-energy function of the two space coordinates. In 



2 



the simplest approximation of such a flow, called the "narrow-stream limit", 
the flow-channel is modelled by a smooth simple closed curve chosen to locally 
minimize the arc-length integral of the flow-speed, which is given by a positive 
C 1 -function a(p) of the space coordinates p = (x,y). The Euler equation for 
the total-flow-speed minimization problem states that 



along the flow-curve T, where u and K (p) denote the left-hand normal to V 
at p G r and corresponding counter-clockwise-oriented curvature at p. For 
example, for a flow governed by Bernoulli's law (at constant pressure and fluid 
density), the speed a(p) of the flow at any point p G -ft 2 would be related to 
the potential energy at that same point in such a way that the sum of twice 
the potential energy density with the square of the flow-speed equals a positive 
constant. Thus the path of the flow through a potential-energy terrain in 5i 2 
would tend to follow the high-potential-energy ridges (corresponding to valleys 
of the flow-speed function), while avoiding low-potential-energy regions, where 
the flow-speed is relatively high. 

In the much more detailed 2-dimensional stream-model to be studied in the 
present paper, we assume a flow-channel (or stream-bed) of finite width, in 
which there is a flow of ideal fluid. This has been a widely accepted flow model 
in free-boundary studies of jets, wakes, cavitation, gravity waves, etc. The 
ideal flow is by definition an incompressible, irrotational, inviscid, steady-state, 
two-dimensional flow in a (therefore) two-dimensional flow-region (or stream- 
bed). We also assume a finite, annular flow-channel. Thus, we have invoked the 
accepted mathematical idealization of the stream which flows around a finite 
closed loop, and thus doesn't begin or end (or flow to or from infinity). The two 
boundary components of the annular flow-channel, as well as the (harmonic) 
stream function for the ideal fluid-flow in the flow-channel, are all determined 
together as elements of the solution of a double-free-boundary problem, in which 
the flow-speed along the free boundaries is again determined point-wise by a 
positive flow-speed function a(p), or by two independent positive flow-speed 
functions a\{p), a 2 (p), independently governing the flow-speeds along the two 
boundary components of the stream. In either case, the flow-speed functions are 
a direct input into the stream-model, which applies to a large class of flow-speed 
functions. Our flow-model leads to the following flow-problem. 

Problem 1.1 (Double- free-boundary Bernoulli problem for annular domains in 
the case of two independent flow-speed functions (see Prob. \2.2\) ) In K 2 
(where p — (x,y)), let X denote the family of all simple closed curves T. Let 
X denote the family of all ordered pairs T = (r^I^) of elements of X such 
that I\ < T 2 in the sense that Cl(D(r 1 )) C D(T 2 ), where we use D(T) (resp. 
E(T)) to denote the interior (resp. exterior) complement ofT G X. Given the 
strictly-positive C 2 -functions ai(p) — ai(x, y) : 3ff 2 — > 3?+, i = 1,2, which we call 
"flow- speed functions", we seek a smooth curve-pair T — (fi,^) G X (the flow 




(1) 
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boundaries) such that 

\VU(p)\ = ai(p) on T h 



(2) 



i = 1,2, where the region fl = f2(r) := -D(r2) (1 -E(ri) is £/ie annular (i.e. 
doubly connected) stream bed, and U{p) :— U(T;p) denotes the stream function 
in Cl(57(r)), which solves the Dirichlet boundary value problem: 

AU = in Q := Q(T), U(Ti) = 0, U(T 2 ) = 1. (3) 

(Given any vector A = (Ai, A2) € Sft 2 ,, we call T\ = (rx,i,rx,2) € X a solution 
of Prob. \1.1\ at A if the corresponding capacitary potential U\(p) :— U(T\;p) 
satisfies 0) with the new flow- speed- functions a\ t i(p) — Aja,(p) : 3f 2 — > 5f+ ; 

i = i,2.; 

In studying Prob. 11.11 it is very helpful to keep in mind the following pair of 
closely related single-free-boundary Bernoulli problems, which have been much 
more studied in the literature: 

Problem 1.2 (Exterior (resp. interior) Bernoulli free-boundary Problem for 
annular domains in -ft 2 ,) Given a curve T* 6 X and a strictly-positive continuous 
function a(p) : 5i 2 — > we seek a smooth curve T € X such that T > (<) T* 
and such that \^7U(p)\ = a{p) on T, where U(p) = U(T]p) denotes the stream 
function in the annular (i.e. doubly- connected) domain Q = Q(T) between T* 
and r. 



Remark 1.3 (Generality of the stream model) Probs. \1.1\ and \1.2\ are based on 
very general flow-models, in the sense that the flow-speed functions ai(p), 0,2 (p) : 
3? 2 — > which indirectly represent the terrain, are completely unrestricted 

apart from their positivity and smoothness. Indeed if one were to remove the 
stated requirement that the solutions be annular, then there would be many 
possible types of solutions, in fact any sufficiently- smooth, simply or multiply- 
connected, bounded open set £1 would be a solution of Prob. \1.1\ for numerous 
pairs of strictly-positive and arbitrarily smooth flow- speed functions a±(p), a 2 (p) : 
ift 2 — > i"R+ . To show this, just choose any such region Q and partition dft into 
two parts, each of which is a union of smooth simple closed boundary curves. 
Then choose ai{p) :— \\JU{p)\ on Ti, i = 1,2, where U denotes the harmonic 
function in Q satisfying the boundary conditions: U = i — 1 on Ti, i = 1, 2. 
Finally, continue the functions ai(p), i = 1,2, into the rest of 3? 2 in any con- 
venient smooth way. Similarly, in the context of Prob. \1. 6 A any given bounded, 
open, multiply- connected, smooth set f2 having V* as a boundary component, 
would be a solution for a suitable function a{p) : 5R 2 — > 9i+ chosen such that 
a{p) = |Vt/(p)| on r :— (dtt) \ T* , where U is the harmonic function such that 
U(T) = and U(T*) = 1. 

For the case of prob. 11.21 we point out the following classical existence theorem 
due to Arne Beurling: 
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Theorem 1.4 (Beurling's Theorem flBlf f!957), JlB2j fl989)) Let T G X 
and r + G X (with T~ < T + < T* ) denote respective super and sub solutions of 
the interior Bernoulli Problem (Prob. in the sense that \VU + (p)\ > a(p) 

on r + and |VJ7~(p)| < a(p) on T~ , where U (p) = U(T ± ,T*;p) in the closure 
of D,^ := f2(r ± ,r*). Then there exists a classical solution T G X such that 

r- < r < r+ < r*. 

Similarly, if ' T~ G X and T + G X (with T* < T~ < T + ) are inner and outer 
solutions of the exterior problem, in the sense that |VC/~(p)| > a(p) (resp. 
\S7U + (p)\ < a(p) on T~ (resp. T + ), where U^(p) — U(T*,T ± ; p) in the closure 
of :— f^r*;^). Then there exists a classical solution T £ X such that 

r* < r- < r < r+. 

The main objective of Chapters [5] and |3] of the present paper is to generalize 
Beurling's Theorem to Prob. 11.11 by proving the following result: 

Theorem 1.5 (Existence of a classical solution-pair between inner and outer 
solution-pairs (see Thms. \2.4\ \EUM and \3.l3\) ) Let be given the ordered curve- 
pairs r = (fi,^) G X(G) and T — (Fi,r2) G X, each composed of C 2 curves. 
Assume that T and T are respective strict inner and strict outer solutions (i.e. 
strict sub- and super-solutions) of Prob. \l.ll in the sense that 

\VU(p)\ < ai(p) on fi ; \VU(p)\ > a 2 (p) on f 2 , (4) 

|VC7(p)| > oi (p) on fi ; \VU(p)\ < a 2 (p) on f 2 , (5) 

where we set U(p) = U(T;p) and U(p) = U(T;p). IfT<T (in the sense that 
Ti < Ti, i = 1,2), then there exists a curve-pair T = (Ti,r2) G X, such that 
r < f < r and T is a classical solution of Prob. in the sense that 

\VU(p)\ = a x {p) on fx ; |Vf/(p)| = a 2 {p) on f 2 , (6) 

where we set U(p) = U(T;p). In other words, if a smooth strict inner solution- 
pair r (characterized by ^) lies component-wise inside a smooth strict outer 
solution-pair T ( characterized by |5P ), then there exists a classical solution-pair 
r (satisfying (0|) classically) such that the latter lies component-wise between 
the inner and outer solution-pairs. 

Remark 1.6 (a) Although Thm. 1 1 . 51 is the natural generalization of Beurling's 
Theorem to Prob. the author's proof of Thm. \1.5\ (in Chapters^ and\B^ is 
not based on Beurling 's methods in the proof of Beurling 's theorem. Instead, we 
define a one-parameter family of operators T e : X — ¥ X, e G (0,£o); such that 
(i ) the operator fixed point problem has a solution between any suitably ordered 
inner and outer solutions, and (li ) a convergent sequence of operator fixed-points 
(F n ^ n l corresponding to a null-sequence (£n) n _ 1 defines a weak solution of 
Prob. \l.ll This is a geometrically very general version of the Operator Method, 
which was previously studied mainly in the convex and starlike cases. 

(b) In [A2](1977), the author generalized Beurling's Theorem to the case of the 
double-free-boundary Bernoulli Problem (under monotonicity assumptions on 
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the flow- speed functions ai(p),a,2(p) which guaranteed that the solutions would 
be periodic strip-like domains bounded by the graphs of Lip schitz- continuous 
functions of x). A comparison of [A2] with the present study of Prob. \1.1\ 
shows that the special assumptions in [A2] greatly simplified the whole analysis 
in exchange for a reduction in the geometric applicability of the results. 

(c) A. Beurling [AB2], D.E. Tepper ([T2],[T3]) and the author [A2] all stud- 
ied the single-free-boundary and double-free-boundary "hard-barrier problems" 
(in which the "soft-terrain" functions a\(jp),a2(p) '■ 3? 2 — > 9?+ are replaced by 
geometric constraints on the flow- channel). In particular, Beurling 's seminal 
study of the soft and hard-barrier problems appeared in 1989, after being recov- 
ered from notes of participants at his Mittag-Leffler lecture series in Complex 
Analysis (1977-78). (Beurling did not mention double-free-boundary soft-terrain 
problems, such as Prob. 1 1.1\ ) 

(d) We point out the author's counterexample in [A3](1980), which seems to 
show that without assumptions not present in the stream-model under discussion, 
the method of variational inequalities (see Alt and Caffarelli [AC](1981)) is not 
ideally suited to proving the existence of annular solutions of Prob. \1.2l Namely, 
it is shown in the context of the interior Bernoulli problem that if one chooses 
the simple closed curve T* and the constant c > suitably (where we set a(p) = c 
everywhere), then either the minimizing configuration is not annular, or else it 
does not satisfy the Bernoulli condition on the free boundary. On the other 
hand, if a simple closed curve T solving Prob. \1.2\ (in either case) is a member 
of a continuously-varying, elliptically- ordered family of simple closed curves T\, 
A e /, such that T\ solves Prob. \1.2\ (in the same case) at A for each A 6 I, 
then r is the (at least local) minimizer of the variational-inequalities functional 
(see [Al], [A 2] (1978)). 

1.2 Applications and related results 

Returning again to the " narrow-stream- limit" model in the presence of only one 
flow-speed function a(p) (introduced at the beginning of Section [LT]) , one can 
easily visualize that if the terrain of the flow-speed function a{p) consists of 
a suitable system of valleys separated by ridges, then the path-integral of the 
function a(p), defined on any path T e X, can have many local relative minimiz- 
ers, each satisfying the Euler equation (fT]). To eliminate these obvious causes of 
non- uniqueness of the solution of (TTJ), it is natural to restrict our attention to 
the case of logarithmically-subharmonic flow-speed functions a(p), since these 
functions don't have any high-altitude ridges to separate valleys. In connection 
with this restriction, it is also necessary to restrict the size of the domain of the 
function a(p), since logarithmic subharmonicity is an increasingly restrictive 
property for uniformly bounded functions in increasingly large domains. 

Assume that the positive function a{p) is strictly logarithmically subharmonic 
relative to an annular domain GcS 2 . Then the solution T e X of (TT|) is unique 
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relative to G in the following sense: Let Ti,^ <E X denote two solutions of 
([l) , which intersect at two successive points pi,P2, so that the arc-segment 71 
(resp. 72) of Ti (resp. 1^2) initiating at pi and terminating at P2 forms the 
left (right) boundary of a bounded, simply-connected region uj C G. Then for 
continuous argument functions Oi{p) : I\ — > -ft, i = 1, 2, we have ^2(^2)- #2(pi) > 
9i{P2) — d1i.P1), from which it follows by ([T]), the divergence theorem, and the 
strict subharmonicity of the function ln(a(p)) in G that 

0< / K(p)ds- f K(p)ds= f (ln(a(p))) v ds- f (\n(a(p))) u ds (7) 
j 72 j 7l j 72 j 7l 




Aln(a(p)) da^dy < 0. 



For the case of the thin-stream limit, the asserted uniqueness follows from this 
contradiction, as well as a similar contradiction which occurs in the case where 
the solutions ri,r 2 are disjoint. 

In Chapter [5J we will extend the above uniqueness result to the case of an- 
nular stream-flows of finite width through an annular valley G in which the 
flow-speed functions ai(p),a,2(p) coalesce into a single strictly logarithmically- 
subharmonic flow-speed function a(p) : G — > !ft+. For this situation, we de- 
velop a direct uniqueness result related to the author's uniqueness studies in 
[A5],[A6](1989) for (mostly) the interior Bernoulli problem (see Thms. 2.1 and 
3.1 in [A6]). Other uniqueness studies for the interior Bernoulli Problem are 
due to Liu [YL](1995) and to Cardaliaguet and Tahraoui, [CT](2002). The pri- 
mary uniqueness result for the exterior Bernoulli Problem in the starlike case is 
known as the Lavrentiev Principle [LS](1967), pp. 413-434. 

Also in Chapt. 21 we apply Thm. 11.51 as a tool in the study the existence 
of large continuously and monotonically- varying parametrized families of solu- 
tions of Prob. 11.11 under the above assumptions. In fact we will prove that the 
members of such a family are individually uniquely determined. We also elabo- 
rate the connection with the author's earlier results, showing that the individual 
members of a continuously and suitably-monotonically- varying parametrized so- 
lution family are all minimizers, each of its own natural variational functional 
(see [Al], [A2]). 



2 Operator fixed-points and weak solutions 
2.1 Existence results for fixed-point problems 

Definition 2.1 (Preliminary definitions and notation) The results of this paper 
are in 5ft 2 . We denote the typical point by p — (x,y). We use B r (p) and 
B(r;p) to denote the open ball of radius r > and center-point p 6 5ft 2 , while 
B r (p) = B(p]r) denotes their closures. Given a value P > 0, we call a set 
M (or a function U(x,y) : M — > Sftj P-periodic in x (or just P-periodic) if 
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(x, y) G M <^ (x + P,y) G M (resp. U(x, y) = U(x + P, y) in M ). Let X 
denote the family of all infinite, P '-periodic (in x) directed arcs T, with positive 
direction from x — ^ oo to x — oo, such that the winding number of T about 
any point p £ T is ±1/2. For any arc T G X, we use Di(T) (resp. _D 2 (r)/ 
to denote the lower (resp. upper) complement ofT in 5ft 2 , defined to be the set 
of points p G 5ft 2 \ T such that W(T;p) = -1/2 (resp. W(T;p) = 1/2), where 
W(T;p) denotes the winding number of T about p. Then we write T\ < r 2 
in X i/Di(Ti) C Di(T2) or if Z^t^) C D 2 (ri), and we write T± < T2 in 
X i/Cl(Di(ri)) C Di(r 2 ) or Cl(D 2 (r 2 )) C D 2 (T 1 ). We use X to denote 
the family of all ordered pairs T = (ri,r2) G X x X such that T± < r 2 . For 
ri,r 2 G X, the inequalities T\ < T2 and Ti < r 2 are defined component- 
wise. For r = (ri,r2) in X, we define the P -periodic (in x) strip-like region 
Q(r) := -Di(r 2 ) n D 2 (ri), and we define the capacitary potential U(T;p) : 
Cl(fi(r)) — > 5ft to be the continuous P-periodic (in x) function in Cl(f2(T)) which 
is harmonic in fl(T) and satisfies the boundary conditions: U(T;p) = on Ti 
and U(T;p) = 1 for IV (For convenience, we also define Ui(T;p), i = 1, 2, such 
that U\(T;p) = U(T;p) and /7 2 (T;p) := 1 — U(T;p).) For any finite arc 7 or 
region uj, we use ||7|| and if (7) to denote, respectively, the Euclidean arc-length 
and total curvature 0/7 or, while denotes the Euclidean area of uj. For 
P-periodic (in x) arcs and regions, the same notation refers to the length, total 
curvature, or area of the restriction 0/7 or uj to one P -period. 

Given the constants < A < A and A\, A 2 > 0, we use A. to denote the class of 
all strictly-positive, twice- continuously- differ entiable functions a(p) : 5ft 2 — > 5R+ 
such that A < a(p) < A and the absolute values of all first (resp. second) 
order partial derivatives of a(p) are uniformly bounded above by A\ (resp. A 2 J. 
Given g G (0, 1], let >A e denote the family of all functions in A. which are also 
in C 3 - e (5ft 2 ). (We remark that A x < y / 2SA 2 , where S := A - A.) We make 
frequent use of the constant Eq '■= min{l/2 ;; A 2 /2j4i}. 

Problem 2.2 (Double free-boundary Bernoulli problem with two independent 
flow- speed functions; the strip-like, P-periodic case) Given the strictly -positive, 
P-periodic (in x), C 2 -functions a\{p), a 2 (p) : 5ft 2 — > 5R+, we seek a pair T = 
(ri,T 2 ) G X such that |VZ7(r;p)| = Oi(p) on Ti and |V?7(r;p)| = a 2 (p) on T 2 . 

Definition 2.3 (Lower and upper solutions of the double free-boundary Ber- 
noulli problem) A pair of directed C 2 -arcs T = (ri,F 2 ) G X is called a lower 
(resp. upper) solution of Prob. \2.2\ if \S/U(T;p)\ < (>)ai(p) on T\ and 
\VU(T;p)\ > (<) a2(p) on T 2 . It is a strictly lower (resp. strictly upper) solu- 
tion of Prob. \EBif\VU(T;p)\ < (>)ai(p) on T 1 and |VZ7(r;p)| > (<)o 2 (p) 

on r 2 . 

Theorem 2.4 (Existence of solutions of Prob. \2.2\) In the context of Prob. \2.2l 
given the strict upper and lower solutions, T + and T , both mXnC 2 , and such 
that T < r+, there exists a solution T G X n C 1 ' 1 such that T < T < T + . 

Definition 2.5 (Solution at \, upper and lower solutions at X) For any pair 
X = (Ai,A 2 ) G 5ft^ 7 a curve-pair T = {Ti,r 2 ) G X H C 2 is called a solution 
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(resp. lower solution, upper solution) of Prob. \2.2\ at A if T is a solution 
(lower solution, upper solution) of Prob. \2.2\ with the positive C 2 -functions 
ai(p),d2(p) : Sft 2 — > 5ft+ replaced by the functions Aiai(p), A202(p) : 5i 2 — > 5ft+. 

Remark 2.6 (Equivalence of the annular case to the periodic case) Prob. \2.2\ 
is equivalent to Prob. \1.1\ in the following sense: Let the simple closed curves 
T\ and T2 (expressed in polar coordinates r,9 relative to an origin encircled 
by Ti) be equivalent to the 2tt -periodic (in x) arcs T\ and T2 (expressed in 
Cartesian coordinates (x,y) under the mapping r — exp(— y), 9 — x. Similarly, 
let the polar- coordinate functions ai(r,d),a,2(r,d) correspond to the 2tt -periodic 
Cartesian- coordinate functions 01(2, y), 02(2, y) such that ra\(r,9) = a2{x,y) 
and ra,2{r,6) — a\{x,y), where r — exp(— y) and 9 = x. Then the curve-pair 
(Ti, T2) solves Prob. \1.1\ relative to the function-pair (a\, 0,2) if and only if the 
curve-pair (ri,^) solves Prob. \2.2\ relative to the function-pair (01,02). The 
proof follows essentially from the fact that ifU(r,9) andU(x,y) are correspond- 
ing capacitary potentials in the domains f2 and Q such that <9f2 = Ti U T2 
and dft = T± U T2, then [/(exp(jz)) = U(z) in ft for j = y—l, whence 
r\VU(r, 9)\ = \VU(x,y)\ by differentiation. 

Remark 2.7 (a) (The one- dimensional model of Prob. \2.2\) Some insight into 
the general existence and uniqueness of solutions of Prob. \2.2\ can be gained by 
studying the simpler one- dimensional case. Here, given positive, smooth real- 
valued functions ai{x),a2{x) : !K — > 3?+ (with reciprocals bi{x) = (l/ai(x)), 
i = 1,2), one seeks a pair (£1,22) with x\ < X2 such that ai(xi) — (l/(x2 — 
^1)) = 02(22), or, more conveniently, such that (i): 61(21) — (22—21) — 62(22). 
The pair (21,22) (with x\ < X2) is a strict lower (resp. strict upper) solution of 
Prob. (i) if and only i/(ii): 61(21) < (>)(22 —21) < (>)&2(22). Clearly, there 
is no solution of (i) in the case where the functions ai(x) and 02(2) are distinct 
constants (for which there are also no weak upper and lower solutions). Every 
pair (21, 21 + (1/C)), 21 € 5ft, is a solution in the case where ai(x) = C = 02(2) 
for a constant C. If we assume that 01(2), 02(2) > A > and \a' 1 (x)\, \a 2 (x)\ < 
A\ for all 2 € 3?, then (21,22) cannot be a solution if ^2(2) — 01(2)! < 2(Ai/A) 
for any point 2 G [21, 22]. The natural place for a solution is near a point where 
(02(2) — 01(2)) changes sign. In the interesting special case where a\ and 02 
reduce to the same function a(x), there are no solutions in any interval in which 
a(x) is strictly monotone. The natural location to seek solutions is near local 
extrema 0/0(2). 

(b) (Proof of Thm. pO in the one- dimensional model) Let S denote the set 
of all pairs of real numbers (21,22) such that x\ < 22. In S, we define the 
inequalities such as (21,22) < (<)(?/i,J/2) componentwise. We choose r/ — 
min{l/2,l/2Si} 7 where b t {p) > B > and \b({x)\ < B x for i = 1,2 and all 
x € $t. For any e G (0, r/o), we define the continuous operator T £ : 3 — ¥ 5 such 
that for any pair (21,22) G S, we have T £ {x\,X2) — (2* i,2* 2 ) G S, where the 
values i'j 6 (—00, (1 — e)2i +£22) and x* 2 G (e2i + (1 — e) 22, 00) are uniquely 
determined by the requirements that (iii): 2* 1 + £61(2* 1) = (1 — s)x\ + 8X2 
and x* 2 — £ 62(2* 2 ) = £21 + (1 — e)x2 (from which it follows that x* 2 — 2* 1 — 
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(1 - 2e)(x 2 - x\) +e(6 2 (xj j2 ) +6i(x* ;1 )) > 2B_e). A pair (xi,x 2 ) € S is called 
an operator "fixed point" ate if (iv): T^xi,^) = (xi, 0:2)7 or, equivalently: 
fri(x e ,i) = (X2 — xi) — & 2 (x e>2 ), and it is called a weak lower (resp. upper) 
solution of the fixed-point problem (iv) ate i/(v): T e (xi,2: 2 ) > (<)(xi,x 2 ), or, 
equivalently, &i(x* (1 ) < (>) (x 2 — X\) < {>) b 2 {x* £ 2 ) . for (xi, x 2 ), [yi, y 2 ) G S, 
tm<i £ € (0,?7o), it follows from the definitions (iii) that (vi); i/ (xi,x 2 ) < 
(2/172/2), i/ien T e (xx,x 2 ) < T £ (yi,y 2 ). ^Wso, it follows from (i), (iv), cmd (v) 
i/iai (vi): z/, given any positive null-sequence (£k) > a corresponding sequence of 
fixed points (of T £ at e — e^) has a convergent subsequence, then the limit-pair 
solves (i), and, finally (vii): any strict lower (resp. upper) solution of (i) is also 
a strict lower (upper) solution of (iv) at e if e G (0, 770) is sufficiently small. 

In the context of Prob. (i), let be given a strict lower solution (x^[ ,x 2 ) and 
a strict upper solution (x^,x 2 ), both in 3, such that (x^,x 2 ) < (x^x^)- 
W^e then slightly increase (resp. decrease) the components of (x^,x^) (resp. 
(xf,x 2 )) while preserving the above properties. It follows that (viii):(x^~, xj ) < 
T £ (x~,x 2 ) < ... < T™(xr,X2) < T«(x+ x+) < ... < T £ (x+ x+) < (x+ x+) 
/or any n £ N and any sufficiently small value e £ (0,770)7 where the first 
and last inequalities in (viii) both follow from (vii), and then all the remaining 
inequalities follow by multiple applications of (vi). By continuity, the pairs 
(x^jX^g) := li m n->oo Te( x ti x f) (which may be identical) are both "fixed 
points" of the operator T e such that (ix); (x^),x 2 ) < (xj 1 ,x~ 2 ) < { x tii x t%) < ~ 
(xi,x 2 ). It follows by (vi) and a compactness argument that there exists a 
solution (xi,x 2 ) of Prob. (i) such that (x^,x 2 ) < (xi,x 2 ) < (xf ,x 2 ). At this 
point, we complete the proof by returning to the original components of the pairs 
(x x , x 2 )■ 

Definition 2.8 (A.-operator definitions) (See Lemmas \2.20\ and \2.21\ ) (a) 

Given the functions ai(p), a 2 (p) € *4, we define their reciprocal functions b± (p), 
o 2 (p) : 3? 2 — » smc/i rj/tar; Oi(p) := (l/ai(p)), and the related functions 

(f) t (jp) : Cl(A(r)) -» [0,00), i = 1,2, such that <^(jj) = a t {p) dist(p, T) . 

(b) Let £ := min{l/2, i 4 2 /2A 1 }. For any e € (0,e ), T e X, and i = 1,2, we 
define G e j(T) to be the (open) set of all points p € -Di(r) swc/i that (f>i(p) > e, 
and we define G £j i(r) to be the (open) set of all points p G G E ,i(T) such that p 
is joined to {y — (— l) 1 00} by an arc 7 C G £j! (r). Finally, we define the open 
set G e> i(r) to be the union of the collection of all the open balls B(p; ebi(p)) 
whose center-points p are elements of the set G £j ;(r). 

(c) Equivalently, we define G E ,i(T) to be the union of the set of all closed balls 
B(p;ebi(p)) C Di(T), whose center-points p are joined to {y = (— l) 1 00} by 
directed arcs 7 C L>i(T) such that B(q;ebi(q)) C Di(T) for all points q G 7 
(including the initial point p G j), and we then define G £ a(T) to be the set of 
the center-points of all the closed balls B(p;ebi(p)) C G e ^(T). Alternatively, 
one can define G e .i(T) := {p e G £ .i(T) : 4>i(p) > e}. We remark that G £j i(r) 
can be characterized as the set of all points p € G e _i(T) which are joined to 
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{y = by arcs 7 cG Sji (T). 

(d) Similarly, we define the closed set H £ ^(T) := {p G Cl(Z?i(r)) : </>i(p) > e}, 
and we wse H £ ^(T) to denote the closed set of all points in the set H £t i(F) 
which are joined to {y = (— l) 1 00} by directed arcs 7 lying entirely within the 
same set H £ ^(T). The set H £ ^(T) can be characterized as the set of all points 
P G i/ £ ,i(r) such that p is joined to {y — (—1)* 00} by an arc 7 C H £ ^(T). We 
also use H £ ^(T) to denote the closure of the union of all the balls B(p;ebi(p)) 
whose center-points p are elements of the set H £ i(T). Equivalently, we define 
H e .i(T) to be the union of the set of all closed balls B(p;ebi(p)^J C Di(T), whose 
center-points p can be joined to {y = (— 1)' 00} by directed arcs 7 C Di(T) such 
that B(q;e bi(q)) C Di(T) for all points q G 7 (including the initial point p G 7 ), 
and we then define G £ ,i(T) to be the set of the center-points of all the closed balls 
B(p;eb t (p)) C G S)i (r). 

Definition 2.9 (Operator definitions for Prob. \2.2\l We define the capacitary- 
potential operators 

# e (r) = (#s,i(T), $ e , 9 (T)) : X X E , ee (0, 1/2), (8) 

(where X e := «& E (X) = the range of <f> e ) component-wise such that 

$ eii (T) = {Ui(T;p) = e}, i=l,2. (9) 

In other words, <& £ (T) denotes the level curve at altitude e of one of the capacit- 
ary-potential functions Ui(T;p) associated with the strip-like domain £l(T) be- 
tween the components ofT. 

In the context of Def. \2.8i we define the parametrized families of ^.-operators: 

*±(r) - (^(r),*^)) : ± £ -j. X, e G (0,e ), (10) 
such that ^ £A {T) := ^f/T,) for i = 1,2, where 

tf+iCTO := dH^Ti); *+ 2 (T a ) := SG e , 2 (r 2 ), (11) 

*- x (ri) : = ac^ro; *- 2 (r 3 ) := aff E)2 (r 2 ), (12) 

both for all T — (ri,r2) G X e (or both for all ri,T 2 € X E , where X e denotes 
the set of all first components and all second components of pairs in X Ey ). Here, 
for each e G (0, eq), T = (Ti,r 2 ) G X E , and i — 1,2, the above sets dG £t i(Ti) 
and dH e ,i(Ti) are interpreted (by Lems. \2.20\ and \2.21\) to be P-periodic (in 
x) directed arcs in X such that dG £ ^(Ti) are double-point free, while the arcs 
dH £ i(Ti) do not cross themselves. 

Finally, in terms of Eqs. ^)- \12\) , we define the family of composite operators 
Tf(T) = {T^(T),T^ 2 (T)) : X^X, < e < e 0> (13) 
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such that 

Tf(r) = *±(* e (r)) for all r e x. (w) 

We remark that for any e G (0, £o) and T € X, we have T e (r) G X by Lem. 
WJWc). 

Problem 2.10 (The operator * 'fixed point" problem) Given e G (0, £o), the pos- 
itive C 2 -functions a\ (p) , a 2 (p) : ;ft 2 — > 5ft+ , cmd </ie operators Tf : X — > X 
defined in Def. \2.9l we seek pairs Tf — (r^jT^) € X (called "fixed points" 
at e) such that 

T±(r±) = r± (15) 

Definition 2.11 (Family of operator "fixed points") Given the positive C 2 - 
func-tions ai(p),a 2 (p) : Sft — > 5ft+, for any e G (0,£o), we use T e to denote 
the family of all "fixed points" Tf G X of the operators Tf (i.e. solutions of 
Prob. Unify . 

Theorem 2.12 (Characterization of operator fixed points) In view of the def- 
initions of the operators Tf : X — > X, e G (0, £0) (in terms of Def. \2.8\ and 
Def. \2.SK Eqs. $fy-^12ty ), any pair of "fixed points" (solution pairs) Tf = 
(rf 1 ,Tf 2 ) G J- s (which exist by Thms. \2.16] and \2.l8\) . must satisfy the equa- 
tions: 

r+ x = flffe.iCf+j) C {p G Di(f+ X ) : aiCpJdist^f+O = e}, (16) 

T+ 2 = 9G e , 2 (f+ 2 ) c{ P e £>a(f+ a ) : a 2 (p) dist (p,f+ 2 ) = e}, (17) 

r~! = aGe.^f-J C {p G £>i(f-0 : ai (p)dist(p,f~ 1 ) = E }, (18) 

r- a = 9ff e , 2 (f- 2 ) C {p G B 2 (f- 2 ) : oa(p) dist (p,f" 2 ) = E }, (19) 

where Tf i :— $ e i(T ei ) = \U ei (p) — e), and where we define U^f^p) := 
Ui(Tf;p) in the closure of the domain Slf :— Q(Tf). It follows from f!6\) - 
11 Sty that for any i — 1.2 and e G (0, £0); we have 

a l {p) dist(p, f^) = £ for all points p G Tf >v (20) 

Therefore, any solution T s — (r e) i,r E)2 ) G T e of Prob. \2.10\ (representing either 
Tf or TJ ) can be charachterized as a pair T e G X such that a.i(p) dist(p, r e ,i) 
- for all points p G T e ^, i = 1,2, where T S i := $ £j i(r e ). 

Definition 2.13 (Lower and upper solutions of operator fixed-point problems) 
For e G (0,£o), let T e denote one of the operators Tf. Then a curve-pair 
T e G X is a lower (resp. strict lower, upper, strict upper) solution of the 
operator "fixed point" problem (Prob. \2.1U\) ate ifT £ (T £ ) > (resp. >, <, or 

<;r e 
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Lemma 2.14 (Inequalities for operators (See Rem. \2. 7\) ) In the context of 
Defs.\Mand\iM 

(a) We have Ti < $ e ,i(r) < $ e , 2 (r) < T 2 for every T = (ri,r 2 ) G X and 
EG (0,1/2). 

ffej For any e G (0,1/2) and Ti,r 2 G X smc/i </iai Ti < T 2 , we have * e ( r i) < 
* e (r 2 ), w/iere * e = ($ £ ,i,$ e , 2 ). 

fcj We have *~ x (r) < *+ x (r) < T < *~ 2 (r) < *^ 2 ( r ) / or ewe H/ r G X £ and 
e G (0,e ). 

(d) We have dist(^ e (I\), ^ e (r 2 )) > (2e/A) for any T = (T 1 ,T 2 ) G X and 
any e G (0, eo). 

(e) IfTx < T 2 m X, then ^(Ti) < *^(r 2 ) and tf± a (Ti) < ^ 2 (r 2 ), ootfi 
/or a/Z e G (0, sq). 

(f) If £ G (0,£ ) and Ti < T 2 in X, i/ien T±(r x ) < T±(r 2 ). Therefore 
T-{T X ) < T+(r 2 ). 

Proof. Part (a) follows from the comparison principle for capacitary potentials, 
and Part (b) follows component-wise from the same. 

Turning to Part (c), for fixed e G (0, £o) an d T G X E , we have G £; i(Y) := {p G 
A(T) : Oi(p)dist(p,r) > e} c H e>i (T) := { P G A(T) : o»(p) distjp, T) > e} C 
A(r), for i = 1,2, from which it follows that G Sti (T) C H C)i (r) C A(r) for 
z = 1,2, and therefore that dG eA (T) < dH £yl (T) < T < dH e \ 2 (T) < dG s>2 (T). 
In view of this, the claim (c) follows from Eqs. (fTTj) and (IT21 . 

Concerning Part (d), we have dist (r^ ^(Ii)) > (e/A) and dist (r 2 , *^ 2 (r 2 )) 
> (e/A), where V^Tx) < T x < T 2 < *± 2 (r a ). 

Turning to Part (e), we assume that Ti < T 2 in X e . Then for all p G dG e ,i(Ti), 
we have that e — di(p) dist(p, TA < ai(p)dist (p, T^-i), from which it follows 
that <9G M (r 4 ) G Cl(G et i(T 3 _i)) = C^AO^i^Vi))), i = 1,2. It follows 
from this by dTTJ> and |Q]| that *+(r 2 ) = <9G £ , 2 (r 2 ) > 5G e , 2 (ri) = *+(r x ) and 
*j(ri) = 9G £ ,i(ri) < dG eA {T 2 ) = (r 2 )! The remaining two inequalities 
follow from an analogous argument based on the sets H Et i(Ti). 

Finally, concerning Part (f), the first assertion follows from Parts (b) and (e), 
and the second assertion follows from Parts (b) and (c). 

Lemma 2.15 Given e G (0, 1), let T E G X denote a lower (resp. upper) solu- 
tion of Prob. \2.10\ at e. Then T e . n '■= T™(r e ) G X is a lower (resp. upper) 
solution of Prob. \2.1(A at e such that T e .\ > (<) T £ . 

Theorem 2.16 (Existence of operator "fixed points" between upper and lower 
solutions of Prob. \2.10\ (See Rem. Given e G (0,£ ), let T± e G X denote 
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two curve-pairs such that 

r- £ < r+ e , (21) 
r- s < T-(r- e ) ; T+(r+ £ ) < r+ £ . (22) 

Then: (a) There exist (not necessarily distinct) "fixed points" £ X of the 
double-free-boundary operators Tf, respectively, such that 

r~ 8 < t- < r+ < r+ e , (23) 

and such that T~ < T £ < Tf for any other "fixed point" T e of either operator 

such that r- £ < r e < r+ £ . 

(b) In fact the maximal (resp. minimal) fixed point r+ (resp. T~ ) of the 
operator T+ (resp. T~ ) is the limit of the weakly monotone decreasing (resp. 
weakly monotone increasing) sequence of upper solutions Tj n :— (T+)™(r+ £ ) £ 
X (resp. lower solutions T~ n := (Tj) n (T~ e ) £ ~K). 

Definition 2.17 (An invariant set Y) Let f = (fi,f 2 ) £ X n C 2 and t = 
(fx)^) eXflC 2 be respective lower and upper solutions of Prob. \2.2\ (see Def. 

such that f < f . We define Y := {r £ X : f < T < f }. By the definitions 
of strict lower and upper solutions, there exists a value E\ = £i(T,r) £ (0,£o) 
so small that for any value e £ (0,£i], we have 

ai(p) dist(p, 0i — e}) > e on t\\ a 2 (p) dist(p, {U 2 — e}) < £ on f 2 , 

ai(p) dist(p, {Ui — e}) < £ on f j; a 2 (p) dist(p, {t/ 2 = e}) > e on T 2 , 

where Ui(p) := f7j(r;p) and £/j(p) := L/j(r;p), both for i = 1,2. If easily follows 
from this that Tf(T) > T and T^f 1 ) < T whenever e £ (0, £1]. In wietc 0/ i/ie 
monotonicity properties of the operators (Lem. \2.1J^ f)), we have 

T±(T) : Y-> Y, eg (0,ei). 

Theorem 2.18 (Existence of "Fixed points" in an invariant set) We let T £ 
X l~l C 2 and T £ X l~l C 2 ) denote respective strict lower and upper solutions of 
Prob. EJ (see Def. such that f < f . Then: 

(a) For any e £ (0,£i] (with e\ :— £i(r,r) as in Def. \2.17\ l, all the assertions 
of Thm. \2.16\ hold, where one defines T~ £ := T and T+ £ := T. In particular, 
there exists at least one fixed point £ Y of either operator . 

(b ) There exists a constant M such that 

K(T £A ),K(T^),\\T eA \\,\\T £i2 \\ < M, (24) 

uniformly for all sufficiently small e £ (0,£i], and all fixed points T E £ Y of 
either of the operators ate, such that K(T e . i) 7 K(T £ ^2), \\^e,i\\,\\^e, 2W < 00. 
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Corollary 2.19 For sufficiently small e £ (0, ex], the estimate {21$ in Thm. 
\2.18\f b) applies to the "fixed points" Tf £ Y of the operators Tf, since they are 
both limits of monotone sequences of operator iterates (see the proofs of Thms. 

\M3M and\EM b ))- 

Proof of Thm. I27L61 (See Rem. OJb).) For any fixed value e £ (0,e ), it 
follows from (|20p and (|2"2"1) . by multiple application of Lems. I2.14f f) and 12.151 

that 

r- e < r- x < r- 3 < • < r~ n < r+ n < • • • < r+ 2 < r+ < r+ (25) 

in X for all n £ N, where we define Tf k := (Tf) k (Tf e ) £ X for all k £ N, 
from which it follows that 

r^ +1 -T±(r±„), (26) 

for all n £ N. We also have that 

dist(r± fcil ,r± M )>( £ /Z) (27) 

for k £ N, due to Lem. I2.14f d). For e € (0,e ), we let i = 1,2, denote 
the boundary of the union i of the weakly increasing sequence (under set 
inclusion) of the upper complements D*J n i of the curves i: n € N. Similarly, 
we define r~ i; i = 1, 2, to be the boundary of the the union D~ i of the weakly 
increasing sequence (under set inclusion) of the lower complements D~ n i of the 
curves T~ n j, n G N. Then Tf := (rf A ,T± 2 ) e X, since dist(r± 1; r^ 2 ) > 
(e/ A) by ([27]) . Since, for the above definitions of Tf, we have r+„ | Tf and 
r~ n j" r~, both as n —> oo, it follows by (|2"6"|) and continuity-properties of the 
operators (see Lems. 12.231 and !2.24[) that 

Tf = lim Tf n+1 = lim T±(T±„) = T±( lim Tf n ) = T±(r±). (28) 

Therefore, the pairs of directed arcs Tf £ X (resp. T~ £ X), which are the 
respective "fixed points" of the operators T+ (resp. T^), can be obtained as 
limits of weakly decreasing (increasing) sequences of upper (lower) solutions, as 
asserted. The remaining assertions in Part (a) easily follow from ([25]) . 

Proof of Thm. [2TT81 Part (a) follows from Thm. l2~TrH while Part (b) follows 
from Thm. [O^c) and Lem. [2321 

Summary of the proof in Chapters [2] and [3] of Thms. 11.51 and 12.41 By 

Rem. 12. 61 it suffices to prove Thm. 12.41 in the context of Prob. 12.21 Toward the 
proof of Thm. l2.4l following the plan developed in Rem. I2.7f b). we have thus far 
defined two (closely related) one-parameter families of monotone operators T^ , 
£ £ (0,£o) (see Defs. 12.81 and |2~9|) , whose properties, stated in Lem. 12. 141 and in 
Section [2~2l are the basis for the proof in this section of Thm. 12.161 and therefore 
of Thm. 12.18( a). At this point, we invoke the estimates in Section |5~T1 to assert 
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the existence of uniform bounds (independent of sufficiently small e > 0) for 
the arc- length and total curvature of the fixed points (see Thm. I2.18f b)). It 
remains to prove, based on Thm. 12.181 and Section 12.31 (properties of operator 
fixed points), that there exist suitable weak solutions Prob. 12.21 satisfying the 
same uniform upper bound on their total curvature (see Thm. I2.34|) . Following 
this, Chapter |3] will be devoted to proof that |VL/j(p)| = cii(p) on in a strong 
sense for i = 1,2, and that I\j has further regularity properties (see Thms. 13.121 
and EES]). 

2.2 General qualitative properties of the ,-4-operators 

Lemma 2.20 (Qualitative geometry of the sets G Sl i(T) and H e ^{T)) 
In the context of Def. \2.8l given e G (0, eq), an arc T 6 X e , and functions 
a% 6 A., i = 1,2, we set (f>i(p) := r{p)ai{p) in Cl(Z?i(r)) for i = 1,2, where 
r(p) :— dist(p, r). Then: 

(a) For any given points p, q such that q G T and \p — q\ — r(p) > 0, we have 
4>i(p — 8v) < (f>i(p) for < S < r(p), where v is the unit vector pointing from q 
to p. 

(b) The continuous function (f>i(p) : Cl(Di(r)) — > [0, oo) cannot have a weak 
local minimum at any point po G Di(T) at which (j)i(po) < to- 

(c) Assume for a given non-empty, bounded open setuji C Di(T), that 4>z(p) ^ £ 
on duii for some constant e € (0,£o)- Then 4>i(j>) > £ throughout Ui. 

(d) For any fixed value e G (0, So), and any fixed arc T G X e , the P-periodic (in 
x) sets d := G Sti (T), Gi := Cl(G £:l (r)), and H, := H Sti (T) , i = 1,2 (such that 
Gi C Gi C Hi, i = 1, 2 ), are all uniquely determined by Def. \2.8l Moreover, for 
if > sufficiently large, each one of these sets contains the strip Ri(j]) := {\y\ > 
rj} n Di(T), and in fact it follows from Def. \2.8\ that every point of the set Gi is 
connected to Ri(rf) by a closed arc 7 C Di(T) such that B(q; ebi(q)^j C Di(T) 
(i.e. 4>i(q) > e) for all q G 7, whereas every point of Gi and Hi is joined to 
Riiv) by a closed arc 7 c Di(T) such that B(q; ebi(q)) C Di(T) (i.e. <pi(q) > e) 
for all q G 7. 

(e) In the context of Part (d), the connected sets Gi, Hi, and Gi := Cl(Gi), 
i = 1,2, are all simply- connected in the sense of having no "holes" (as discussed 
in the proof ). Therefore, the arcs dGi, i = 1,2, must be double-point free. Also, 
in the notation of Def. \2.1\ we have Gi = Di(dGi), Gi = Cl(Di(9Gi)) , and 
H = dH U Di(dHi), all for i = 1,2. 

(f) Each of the sets in Part (d) satisfies the condition: dist(p, T) > ebi{p) 
( i. e. <pi (p) > e) at all its interior points, while also satisfying the condition: 
dist(p, r) = ebi(p) (i.e. <fii(p) = e) at all its boundary points. 

(g) For fixed e G (0, eq), T G X e; i — 1,2, and for any sufficiently large value 
rj > 0, the P-periodic (in x) sets Gi = G £ .i(T) and Hi = H e i(T) (see Def. 
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\2.8\) are simply connected sets containing Ri(ri). Therefore Gi — Di(dGi) and 
ta(fli) =Di(dHi). 

Proof of Part (a). We observe that \r(p) — r(q)\ < \p ~ q\ for any p,q £ 3t 2 , 
so that (j)i{p) is Lipschitz continuous. Also, it easily follows from the definition 
of the distance function that r(p — 8v) < r{p) — 8 for any pair of points (p, q) £ 
di 2 x r, any unit vector u such that \p — q\ = r(p) and p — q = \p — q\v, and any 
value < 8 < r(p). Therefore, we have 

</>i(p - Su) = r(p - Su) <n(p - 8u) < (r(p) - 8) (a^p) + \V ai (p* s )\8) (29) 

< <f>i(p) + r(p)\Vai(p m s)\8-ai(p)6 

< MP) ~ (<*?(p) ~ MP) \V ai (p* 5 )\)(S/ai(p)), 

where p* s denotes a point on the line-segment joining p to p — 8v. It follows that 
if (j)i(p) < £o, so that 

2^(p)|Voi(pJ)| < 2eo\V ai {p* 5 )\ < 2s A 1 <A 2 <a 2 (p), 

then 

Mp - H < Up) - (o<(p)/2) 8 (30) 

for < 8 < r(p), which is impossible if p is a local minimum (at positive altitude 
below £q) of the function <pi, and if <5 > is sufficiently small. 

Proof of Parts (b) and (c). Part (b) follows directly from Part (a). Con- 
cerning Part (c), we have 4>i(p) > s in Cl(wi), since otherwise the continuous 
function 4>i(p) : Cl(wi) — > 5ft has a local interior minimum contradicting Part 

(b) . With this established, we can repeat the argument for Part (b) to obtain 
a contradiction under the assumption that (f>i(p) = e for any point p £ uji. 

Proof of Part (d). We first observe that 

inf {4>i(x, y) : x £ !ft} -> +oo as y -> (-1) 4 oo. (31) 

We apply (f3TT) to choose a value i] > so large that inf{^t(p) : p G Ri{v)} > 2 e, 
and therefore that i?i (77) C Gi C Gi C -ffi C Gj C Hi, all for i = 1,2, where 
we set Ri(rj) :— {\y\ > rj} n A(r). The remaining assertions in Part (d) follow 
from this. 

Proof of Part (e). For any fixed r £ X £ and i = 1,2, let Gi (resp. if^) 
denote the open (closed) subset of Di(T) in which <f>i(p) := 4>i(T,p) > e (resp. 
4>i(p) > £ )i an d let Gi (resp. ffj) denote the open (closed) subset of Gi (resp. 
Hi) consisting of those points which are joined to {y = (— l) 1 00} by arcs 7 C Gi 
(resp. 7 C Hi), and let 0,(01(6*)) (resp. 0,(01(0,)), 0,(11,), O^HA) denote 
the family of all bounded, arc-wise connected, open sets 0Ji C Sft 2 such that 
duji C Cl(Gj) (resp. duoi C C1(G,)), duji c i?i, <9wi c -ffi). It follows from Part 

(c) that (i): C G; (resp. C ffi) for any open set oj% £ Oi(Cl(Gj)) (resp. 
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uii G Oi(Hi)), and it follows from (i) that (ii): uii C Gi (rcsp. uii C Hi) for any 
open set LOi G Oi(Cl(Gi)) (resp. u>i G Oi(Hi)), due to the fact that any point 
p G cji is joined by the shortest possible straight line-segment 71 C Cl^) to a 
point q G duji, which is in turn joined by an arc 72 C Cl(Gi) (resp. 72 C Hi) to 
{y = (— l) 4 00}, thus joining pto {y = (—1)* 00} by a composite arc 7 = 71 + 72 
through Cl(Gi) (resp. iii). It follows that (iii): the boundary dGi has no 
double points, since, given the connectedness of Gi, the boundary dGi can have 
a double-point only if there exists at least one bounded, non-empty, open set 
LOi G Oi(C\{Gij) such that WjHG, = 0. But, in view of (ii), this leads to the 
contradiction that uii C Gi and u^nGi = 0, proving (iii). Finally, it also follows 
from (ii) that (iv): Hi has no "holes" LOi. 

Toward an alternate perspective on Part (e), we remark that (v): for any fixed 
open set LOi G Oi(Hi), any point pe LOid Hi, and any value <5 = S(p) > which 
is small enough so that B$(p) C uii, we have that B$(p) C Hi (due to (i) and a 
variant of the above composite-arc argument). It follows from (v) that (vi): we 
have LOi C Hi for ie {1,2} and any open set Wj € (Hi) such that LOiCiHi 7^ 0. 
Therefore, we have that (vii): Int (iii) C Hj C Hi, from which it follows that 
where . proving the simple-connectedness assertion for the sets Hi, i = 1,2. 

Also, for i = 1, 2, let S(Gi) (resp. 5(Cl(Gi))) denote the family of all bounded, 
arc- wise connected, open sets u>j C 3? 2 such that <9wi C Gj (rcsp. cL^ C Cl(Gj)). 
Analogous reasoning based on Parts (b) and (c) shows that we have u>i C Gi 
for any u>j € S(d) (resp. G S^G,)) such that n Gi ^ 0. 

Proof of Parts (f) and (g). We have that <pi(p) > e in the sets Cl(Gi) and ifi, 
by definition. Therefore, we must have that 4>i(p) > e throughout the interiors 
of the smallest simply-connected sets containing Gi and Hi, which we denote 
by G* and H* , respectively. In fact for any bounded open set € Oi(Cl(Gj)) 
or LOi € Oi(Hi) (see Part (e)), we have <pi{p) > e throughout LOi by Parts (b) 
and (c). Finally, in view of the continuity of the functions 4>i(p) : Cl(Z?i(r)) — > 
[0,oo), the proof that </>i(9Gi) = <pi{dHi) = e follows from the maximality of 
the sets Gi, -ffi under set inclusion subject to the conditions that <pi{p) > e in 
the sets CI (Gi) and Hi. For example, if 4>i(p) > s at some point p £ dGi (resp. 
p G dHi), then the domain Gi (resp. Hi) can be enlarged to contain a closed 
ball B{p;r) centered at p and having a sufficiently small radius r > such that 
4>i{p) > throughout B{p ; r). Also, every point q G -B(p ; r) can be joined to p 
by a radial line-segment 7 of length \p — q\ < r. Thus, any point q G B{p ; r) 
such that q ^ Gi (resp. q ^ Hi) can be joined to any point q' G B(p;r) n Gi 
(resp. G B(p;r) f] Hi) by two radial arcs in sequence, the first joining p to 
q and the second joining p to g'. Since also q' can be joined to {y = (—1)' 00} 
by an arc 7 through Gi, we conclude that q can be joined to {y = (— 1)' 00} by 
an arc 7 passing through Gi U B(p ; r) (rcsp. Hi U B{p ; r)) on which 4>i(p) > e, 
completing the proof of Part (f). Finally, concerning Part (g), one shows that 
the sets G, and H i} whose points are obviously all connected to Ri(rj), are in 
fact simply-connected, because, by an argument given in the proof of Part (e), 
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any point p in a bounded, connected, open subset u)i of Gi (resp. Hi) can be 
joined by an arc through Gi (resp. Hi) to Ri(n) provided that all boundary 
points q £ du>i have the same property. 



Lemma 2.21 (Alternative approach to geometry of *4- operators) In the context 
of Def. H3 and Lem. B 

(a) The boundaries dGi and dHi of the P-periodic (in x) simply- connected sets 
Gi = G £ .i(T), Hi = H £i i(T), i = 1,2, are double-point-free directed C 1 ' 1 -arcs 
such that G l {T) = D^dGi) and Hi{T) = Cl(A(&Ht))- 

(b) For any fixed e £ (0, Eq), T £ X £; and i = 1, 2, we call the points p £ dHi := 
dH £tl (T) and q £ dH, := dH e>i (T) "related by XB%) " if and only if 

q=p + sb l (q)N l (p), (32) 

where we set bi(p) := (l/aj(p)), and use Ni(p) to denote the (Lipschitz con- 
tinuously varying) left-hand unit normal to the arc dHi at any point p £ dHi. 
Then: 

(bl) For every point p £ dHi, there exists at least one point q £ dHi such that 
the points p and q are related by \32\) . 

(b2) For every q £ dHi, there exists a point p £ dHi such that p and q are 
related by 13%) . 

(b3) The point q is uniquely and Lipschitz- continuously determined by the point 
p relative to the set of all ordered pairs (p, q) £ dHi x dHi solving \32}). 

(b4) In view of (bl), (b2), and (b3), the set of all ordered pairs of points 
(p, q) £ dHi x dHi satisfying the relation h32]) actually constitutes the graph 
of a Lipschitz- continuous function 

q = fi(p) : dH t -► dH u (33) 

mapping the arc dHi onto the arc dHi. (This part also holds with Hi and Hi 
replaced by Gi and Gi.) 

(c) For any fixed e £ (0, £o) an d r G ^ e P-periodic (in x) set boundaries 
dGi '■= dG £t i(T), i — 1,2, coincide with the positively- oriented, double-point- 
free directed arcs Tj £ X, defined such that G\ (resp. Gi) is the lower (upper) 
complement ofT\ (resp. I^j. Also, the P-periodic (in x) set-boundaries d Hi — 
dH £} i(T), i = 1,2, coincide with P-periodic (in x) directed arcs T* £ X which 
are positively- oriented by the requirement that the complement of H\ (resp. H2) 
be the upper (lower) complement ofT\ (resp. T^, which always lies locally to 
the left (right) ofT\ (resp. T^). 

Proof ofPart (a). Concerning the smoothness of dG, <9ff , for any e £ (0,1/2), 
there exists a value S = 5(e) > such that any arc r £ X £ has tangent balls 
of radius 5 at all arc-points and on both sides of the arc. Also, for any arc 
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r e X E , the corresponding arc dG £i i(T) has an interior tangent ball of the 
form B (p ; s bi(p)) , p € Sft 2 , located in the interior of the region G e ,i(r)). Using 
these properties, one can show that for each arc T £ X e , the corresponding 
arc 9G £j i(r) has both an exterior tangent ball B(p;S) and an interior tan- 
gent ball B[p;ebi(p)) at every arc point. Therefore, the arc dG £t i(T) has uni- 
formly bounded curvature at all points, and is therefore the smooth, double- 
point-free image of a C 1,1 arc-length parametrization p e ,i(t) : 5ft — > dG Et i(T). 
Also, the mapping N e ,i(p) : dG e s(T) — > dB(0, 1) is Lipschitz continuous. (Ob- 
viously, the uniform, absolute curvature-bound increases as e decreases for 
e £ (0, £o)-) The remaining assertions follows in the first case from the fact that 
£ = di(p) dist(p, r) = a,i(p)\p — q\ for any points p £ <9G Ei i(r) and q £ dG e> i(T). 



Proof of Part (bl). In fact the unknown point q £ dHi can be expressed in 
the general form: q — q(a) :— p + Nip) a, in which a £ 5ft. By substitution, we 
see that the point q(a) solves (1521 for given p £ dHi if and only if the value 
a £ 5ft solves the related equation gi{p, a) = 0, where we define the continuous 
function gi(p, a) : 5ft — > 3? such that 

g t (p, a) := b. t (p + N^p) a) - a. (34) 

By definition, we have that gi(p,0) — bi(p) > 0, and that gi(p,a) —¥ —oo as 
a —> oo. Therefore, by the intermediate value theorem, there exists at least one 
value a £ (0, oo) such that gi(p,a) = 0, and therefore such that the ordered 
pair (p,q(a)) satisfies (p4|) . 



Proof of Part (b2). By Lem. [2~2UT d). we have dist(<j,r) = 4) l {q)h{q) > 
ebi(q) for all q £ Int(if Ei j(r)) , from which it follows that ~B(q ; ebi(q) ) C DjQT) 
for all q £ Int (i? e ,i CO) . On the other hand, we have dist(g, Ij = <pi(q) bi(q) = 
ebi(q) for all q £ dH Sti (T) (see Lem. 12.20( d)). Therefore, among all points 
q £ H e i (T), we have that 

dist (q,dH s ,i(T)) = dist(g,r) =eb l {q) <^> q £ dH e ,i(T). (35) 

It follows that for any point q £ dHi, there exists a corresponding point p £ dHi 
such that \q — p\ = dist(g, dHi) = e bi(q). Clearly, p £ dHi is such that (q — p) 
is parallel to v(jp) and (p, q) satisfies the requirement of Part (b2). 

Proof of Part (b3). For fixed e £ (0, £o) ar >d i £ {1,2}, and for any two 
solution-pairs (p, q), (p', q') of (|3^|) . we have the equations: q = p + e b{q) N(p) 
and q' — p' + e b(q') N(p'), from which it follows by applying mean-value esti- 
mates to the various differences that 

\q - q'\ <\p-p'\+e |V6( 9 *)| \q -q'\+e b(q) \K(p*)\ \ P - P '\, (36) 
where p* lies between p and p' . Therefore, we have 
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(where K{p) denotes the signed curvature of the arc f £ji at the point p £ f e ,i), 
provided only that e sup{|V6i(p)| : p £ 3? 2 } < 1 for i = 1,2, as always occurs if 
e £ (0,e ). 

Proof of Part (c). The first claim follows from the simple-connectedness of 
the sets Gi and Cl(G;) , as treated in Lem. |2.20f e). Turning to the second claim, 
it follows from Part (b4) , Eq. (1551) , that the uniquely-determined boundary sets 
dHi, i — 1,2, of Lem. 12.20( d) must coincide with the images T*, i = 1,2, of 
the positively-oriented, Lipschitz-continuous, composite arc-parametrizations of 
the form q = qi(t) = fi(pi{tj) : 5i — > dHi, where p = Pi{t) : 3? — > dHi denotes 
a double-point-free arc-length parametrization of the smooth arc dHi. Clearly, 
the directed arcs T*, i = 1,2, retrace the set boundaries dH Eti {T), i = 1,2, as 
was asserted. We remark that the arcs T* may have double-points, but it is 
impossible for either one to "cross over itself, due to Lem. I2.20f e).ff). 

Remark 2.22 (Comments on Lem. \2.20\) (a) Given e £ (0,£o) and T £, let 
r £ i := {p £ Di(T) : 4>i(T; p) = e} , and let R e ^i denote the set generated by all 
the straight line-segments L e ,i(p) joining points p £ to corresponding points 
q £ r such that \p — q\ = dist(p, r) . Then 4>%{p) < s throughout R e ^. Moreover, 
if e is less than the minimum radius of curvature of T , then the lines L Ei i(p) 
depend continuously on p £ r £i i ; and therefore R £ ,i is the annular domain such 

that dR^i = rur £ji . 

(b) If we assume each point q £ dHi is related to one and only one point p £ T 
under Eq. \32[ then T — dHi and the mapping preserves the natural order of 
points q £ dHi and p £ T = dHi . However, if one point q £ dHi is related to 
each of two distinct points P\,P2 £ T (where we assume p\ (resp. pi) is minimal 
(maximal) relative to the natural ordering in T), then of course p\,pi £ T both 
satisfy Eq. i32\) . as before, but the remaining points p £ T such that p\ < p < P2 
( in terms of the natural ordering in T) are not likely to be related to any point 
q £ dHi, since it is possible to have \p — q\ » ebi(q) for some points p £ P 
such that pi < p < pi ■ 

Lemma 2.23 (One-sided continuity of the sets G e ^(T) and H e ^(T) as func- 
tions of the arcs T £ X £/ ) (a) Let be given a weakly monotone sequence of arcs 
(r n ) n=1 , all in X £ for some fixed value e £ (0,£o)- Choose i £ {1,2} such 
that the open sets Di(T n ) form a weakly increasing sequence (as ordered by set 
inclusion) . Thus either i — 1 and the arc-sequence (r n ) 1 is weakly increas- 
ing or else i — 2 and the arc-sequence (r„)°^_ 1 is weakly decreasing. Then we 

have D* := \Jn=i D i( T n) = A(r), where we define T := dD* £ X £ . Also, 
for the same values e £ (0,£o) and i £ {1,2}, we have (in terms of Def. \2.8\ 
and Lem. WJU\) that G M (T) = IXU G e<i (T n ), where G e .i{T n ) = Di(T s<nA ) and 
G e .i(T) = A(r M ), m which r £ ,„,i := dG eti (T n ) £ X and := 9G M (r) £ X. 

(b) Again let be given a weakly monotone sequence of arcs (r„)°^_ 1 , all in X e for 
some fixed value e £ (0, £o). Choose i £ {1, 2} such that the closed sets Ei(T n ) :— 
Cl(Z?i(r ra )) form a weakly- decreasing sequence (ordered by set inclusion) . (Thus 
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i = 1 (resp. i = 2) if the. arc-sequence (Fn) "^, is weakly decreasing (increasing.) 
Then E* := HnLi Ei(T n ) = Ei(T) for some arc T := dE* £ X £ . Also assume 
the arc-length per P -period (in x) of the arcs T n is uniformly bounded above 
over all n £ N . Then (in terms of Def. \2.8\) we have H^Li H Si i(T n ) = H Si i(T), 
where H Sti (T n ) = Cl(A(r e , n ,i)) and H eji (T) = Cl(A(r e ,j)), in which T e , nji := 
dH e>i (T n ) £ X and T Sji := dH Sji (T) G X. 

(c) For any fixed value e G (0,£q), it follows directly from Parts (a) and (b) that 
dG etl (r n ) t dG e>1 (T) and dH e ^{T n ) f dH e , 2 (T), both as T n \ T in X £ , and 
that <9G £j2 (r„) | 9G e , 2 (r) and dH eA (T n ) | dH EA (T), both as T n | T m X £ . In 
view of Def. H3 Eqs. {HP and it follows that *+ i (r„ ii ) | *+-(r 4 ) /or 

r n ,i I I\ m X £ , and *~i(r nji ) f ^tC^i), /or r„ :i f in X £; 6o£/i as n -> oo 
/or either i — 1 or i = 2, where f arcd 4- re/er, respectively, to weakly monotone 
increasing or weakly monotone decreasing uniform convergence. 

Proof of Part (a). For i = 1,2, we have A(F„) C A(r„+i) C A(H 
for all n G AT. Therefore, G e ^(r„) C G £/i (T n+1 ) C G £)i (r), and we have 
7 C G £)i (r n+ i) (resp. 7 C G £:i (r)) for any directed arc 7 C G £)i (r„) (resp. 
7 C G e ,i(r„ + i)) joining any point p G G e ,<(r n ) (resp. p G G £/i (r n+ i)) to 
{y = (-l) l oo}. Therefore, we have G M (T„) C G M (r n+1 ) C G M (r), for 
i = 1, 2, and all n G N, from which it follows that (i): CC=i G e,i( T n) C G M (r). 

In view of (i), it suffices to show that (ii): G £; i(r) C U^Li G e ,i(T n ), for i = 1, 2 
and all n G JV. To this end, we let p e ^ denote any particular point in the open 
set G e> j(r). Then p e-i £ G e ^(T) and p E:i can be joined to {y = (— l) l oo} by 
a suitable directed arc 7 £j i contained in the open set G £j i(r). Given a suitable 
arc 7 £j i and a value k > so large that dist(p, T„)) > ebi(p) for all n £ N and 
all points p (£ R K :— Sft x [— k, k], we can replace the directed arc 7 £ ,i by a new 
directed arc 7* i := 7^ + 7 £ 2 ^, consisting of an initial arc-segment 7 £ 1 i '', which 
coincides with the arc 7 £) j up to the first point, called q Sl i, at which j e j touches 

the line {y = (— iy k}, followed by a second arc-segment 7 £i , which follows a 
straight vertical path from the point g £ji to {y = (— l) l oo}. Since G £ ,;(r) = 
U^Li G £ .i(T n ), it follows that the set-family (G £) ,*(r„)) is an open covering 

of the compact set 7 £ j , for which there exists a finite sub-covering. Since the 
sets of the open covering are weakly monotone increasing under set inclusion, it 
follows that j^J C G £) i(r n ), and therefore that j* t C G £) i(r n ), and therefore 
again that p e _i £ G £j i(r) for all n £ N which are sufficiently large depending in 
each case on the point p Eyi £ G E ^(T). Therefore p E:i £ {j^ =1 G £ ,;(r„) for any 
point p £) j G G £j i(F), from which (ii) follows. 

Proof of Part (b). Since E^T) C Ei(T n+1 ) C E l (T n ) for all n £ N, we have 
H e .i(T) C H e .i(r n+1 ) C tfe,i(r n ), from which it follows that 7 C H e<i (T n+1 ) 
(resp. 7 C H e .i(T n )) for any directed arc 7 C H e j(T) (resp. 7 C H £ti (T n+1 )) 
joining any point p £ H e ,i(T) (resp. p £ H £yl (T n+1 )) to {y = (~l) l oo}. There- 
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fore, we have H £ _i(T) C H £ s(T n+1 ) C H £yi (T n ), both for i = 1,2, and all n G N, 
from which it follows that (i): H Eti (T) C iXLi H £ii (T n ). 

In view of (i), it suffices to prove that (ii): D^Li H £A iT n ) C i? e ,i(r). Toward 
this end, we observe that for any given point p £A G H^Li H £ ^{T n ), there exists 
a sequence (7 e , n ,i) n _ 1 of directed arcs such that (iii) : for each n G N, the point 
p £! i is joined to {y = (—1)* 00} by the arc 7 e . n ,i, which is located entirely inside 
the closed set H £ti (T n ) := {p G Ei(T n ) : at(p) dist(p, T„) > e}. Therefore, we 
have (iv): -f £ . Jl ,i C ij e ^(r m ) for any m,n £ N such that m < n. Assuming 
that (v): n n _i = K n! i(e) (resp. n n _2 — «n,2(£)) is maximum (resp. minimum) 
subject to the requirement that dH £t i(T n ),dH £i 2(T n ) C 3ft x [K n ,i, ^2]), we 
let 7e |fl)j = 7e^j + if^s for all n G N, where, for i = 1,2, 7^,i denotes the 
initial segment of the arc 7 ei „,», up to its first point of contact, called r E , n ,i, 
with the line {y = n n ,i}, and denotes the vertical path from r £ ^ n ^ to 

( 2) 

{y = (—1)* 00}. As an application of (v), we have that 7^ ' n i C H £in ^(T n ), and 
therefore (vi): J £ni € ij £i „ ; i(r„). We assume that (vii): the corresponding arc- 
length sequence (||7 e n Jl)^^ is uniformly bounded, so that the arc-sequence 
(7e|n, i)^=i nas a conver g en t subsequence. It follows that (viii): the related 
arc-sequence (7*„i)^L 1 also has a convergent subsequence, still indexed by 
n G N , such that the arcs 7* n i converge uniformly as n — > 00 to a limit-arc 
7 £j i joining the point p £j i to {y = (—1)' 00}. Then by (iv) and (viii), we have 
(ix): -f £ ,i C H £ ,i(T m ) for any fixed m G N. Since to G N can be chosen 
arbitrarily large in (ix), it follows that j £j i C |")m=i He,i(Pm)-> where one easily 
sees that f)~ =1 if e ,i(r m ) = f)~ =1 {p e £^(r m ) : a;(p) dist(p,T m ) >£} = {])£ 
Sj(r) : a, (p) dist(p, r) > e} = H £ ^(T), and where r G X is chosen such that 
n^Li^i(rn) = ^i(r)). It follows that p £ s G H £A (T), completing the proof of 
(ii) subject to Assumption (vii). 

It remains to prove that among the possible arc-sequences (7e, n ,i)^L 1 sat- 
isfying (iii) for each n G N, there exists at least one sequence such that 
(1 17^ j 1 1) is uniformly bounded (Assumption (vii)). Given any point p £>n ^ G 

,2]) r\H £ j(r n ), we use 7^ A to denote a directed arc which first fol- 
lows the straight-line-segment from the initial point p £ , n ,i to a point q e , n ,i which 
is closest to p £ ,n,i relative to the set dH £>i {T n ), then proceeds from q e , n ,i along 
the arc dH £A (T n ) up to its terminal point r £j „.i G (dH £ j(r n ) n {y — K n ,i}), 

which is the first point of contact of the arc dH £A {T n ) with the line {y = K nA }. 
(2) 

We also use % „i t° denote the vertical line-segment joining its initial point 
r e,ns to {y = (—1)* 00}, and we use j £v7l ,i to denote the composite directed arc 
joining p £yn ,i to {y = (— l) I oo} which first follows the arc 7^2, then the arc 
lent- Clearly for each n G N, the composite directed arc j £ , n ,i satisfies (iii), 

and the length of the arc-segment j £ l i cannot exceed the length of the arc 
dH £i i(r n ) relative to one P-period (in x). The latter is uniformly bounded as 



23 



n — > oo, as we show in Lem. 15.151 Eq. (|273[) . In particular, we have 

< (dist(p £)i) 9^ M (r„)) + \\dH e ,i(r n )\\) (38) 

<2||9if M (r„)|| <2C||r„|| <2CL, 

uniformly for all n £ N, where L := sup neN {\\T n \} and C = C(e) denotes a 
uniform upper bound for the Lipschitz constants in (|3"T)l . 

Lemma 2.24 (One-sided continuity of the operators T^(r) : X — > XJ Let be 

given e E (0,So), a weakly monotone sequence (r e , n ) _j of arc-pairs T ej7l — 
(Xe,n,ii r e ,n,2) G X, and i/ieir Zimi£ T e = (r £i i,r £i2 ) € X. Assume there exists 
a uniform upper bound for the sequences (||r ejn) i||j i = 1,2, of arc- lengths 
per P -period (in x). Then we have: 

* £ (r £ ,„) t (I) *e(r £ ) if r £ ,„ t (I) r £ , (39) 
*+ i r„,i) | *+ (Ti) if r n ,< | r i5 for » = 1,2, (40) 

*^i(r„,<) t ^(A) if r n,i t T l; for i = 1,2, (41) 

all monotonically as n — > oo. For i/ie parametrized operator family T^(r) := 
*±(* e (r)) : X -> X, if /oZ/oms f/wrf 

T+(r £ , n ) 1 T+(r e ) for r £ ,„ ; r £ , (42) 
T e -(r E , n ) t t-{t s ) for r £ ,„ t r £ , (43) 

both monotonically as n — > oo. 
Proof. We have 

fi £ ,„ : = n(r e , n ,i,r ejni2 ) t (W := fi(r e ,i,r B)2 ) 

monotonically asn -> oo, in the sense that r e . Mi i f (4.) r £j i and r £ .„ i2 t (4-) r £)2 . 
Therefore 

c/(r £ ,„,i,r £ ,„, 2 ; P ) 1 (t)c/(r £)1 ,r £ , 2 ; P ), 

monotonically and uniformly in compact subsets of f2 £ as n — > 00, from which 
(|3"9")l follows. Also, the assertions (JIOJ and (gTJl follow from Lem. 12.20( c). and 
the assertions gU and (gSJ) both follow from ([39]). ([40|). and (|4T]). 

2.3 Properties of operator fixed points 

Lemma 2.25 (Alternative characterizations of the operator fixed points) For 
any £ £ (0,£o), any solutionT £ = (r £ ,i,r £j2 ) € ^" £ of Prob. \2.10\ ats. and either 
i = 1 or i = 2, let u) e ^ := {0 < U St i(p) < s} and T e> i := {£7 £> j(p) = e}, where 
U S) i(p) :— Ui(T £ ;p) in the closure ofQ £ := 0(r £ ). >liso, letT £t i := (9cD £i j) nfi £ , 
where uj £i i denotes the intersection with Cl(f2 £ ) 0/ £/ie union of the collection of 
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all balls G e ^(p) := {g £ Sft 2 : ai(p)\q — p\ < e} = Bu/ ai / p \\{jp) having center- 
points p € r e> i. Here, we have that Cj e> i C £> Ei i, due io i/ie /act i/iai 

a l (p) \p-q\ < e = a<(p) dist(p, f £)i ) 

/or aZZ p € r £) j and g £ G e ^(jp), by Thm. \2.12\ Eq. H2U\) . Then for any point 
Ps,i S ^s,i and any corresponding point q e ^ £ T e j n dG St i(p Sj i), the generalized 
ball H Ei i(q St i) :— \p £ 5ft 2 : ai(p)\p — q e .i\ < £} C fl e "centered" at the point g £j i 
is such that p s> i £ dH et i(q e ,i) H r g) f. 

Proof. For any particular point g g r £i j, we have that g ^ G e ^{p) for any 
point p G r Ei j. Therefore, we have that o-iip)\q — p\ > £ for all points p £ r Ei j 
and g € r £j i. Therefore, for any point p £ r £j i, we have that p ^ H e ^(q) for 
any point g £ T e ^. Since g denotes any point in r Ei j, we conclude that (i): 

p i U ge f e i H e,M) for a11 points p £ r E>i . 

Also, for any point p £ T St i, and any corresponding point q = q(p) such that 
q £ r e ,i n dG £y i(p), we have that a,i{p)\p — q\ < e and therefore p £ dH e ^{q). 
In view of (i), it follows that for any point p £ r Ei j, we have p £ dH £t i{q) 
for any generalized ball H e ^{q) C Vt E whose "center-point" q is such that q £ 

dG eti (p)nt e ,i. 

Lemma 2.26 (Preliminary estimates for "fixed points") (a) For any e £ (0,£o) 
and any fixed point T £ — (r e .i,r £i 2) € ^e, we have |VE/ £i j(p)| < 2A throughout 
f2 E \(d) £j iUd; ej 2) , and even throughout the larger region Q £ \ (u £i iUw Ei 2), i = 1,2, 
where U St i(jp) := Ui(T £ ;p) in the closure of f2 £ := Sl(T £ ) and uj e ^ := {p £ Q e : 
U s ,i(p) <e} D u e>i := { P e(l E : dist(p,r eii ) < (e/2l)}. 

(b) It follows from Part (a) that dist(p, dfl £ ) > ((a — e) / 2 A)) for any a £ (e, 1/2] 
and any point p £ il £ smc/i i/iai a < U e ^{p) < (1 — a), i = 1,2, and therefore 
that dist(r E ,i,r S)2 ) > ((l-2e)/2A) /or e <= (0,£ ). 

fcj It also follows that for any e £ (0,£o) ond a £ (0, 1), we have that U £ ^(p) > 
as in the neighborhood Nd(Q e \ &e,i)> where d := ((1 — a)e/2A). 

Proof. Let T S i (resp. r s> j)) denotes the boundary of Cj e ^ (resp. u} e ,i) relative 
to Q e . We have dist(p,f2 £ \w £ ,i) = (e/aj(p)) > (e/ A) for every point p £ T e j, 
from which it follows that dist(p, T Bi i U r El j) > (e/2A) for all p £ T e ,i- Since 
< C7 e ,i < £ in uj £ _i, i = 1,2, it follows by a well-known gradient estimate 
that |V?7 £)i (p)| < 2A on F e> i, for i = 1,2, from which it follows by maximum 
principle for sub-harmonic functions that |VJ7 £ (p)| < 2 A for all points p in 
fi E \ (w e ,i U w E)2 ). 

At this point, the estimates in Part (b) follows from Part (a) by integrating 
|VZ7 £j i| on the straight line-segment 7 E) $ joining any point p £ Q £ such that 
U s ,i(p) > a to the closest point q £ T e ,i. Turning to the estimate (c), it follows 
from (a) by integrating |VZ7 £! i| on the straight line-segment j St i joining any 
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point p £ Cl(w e ,i) H Nd{^e \ & e ,») to a point g e r £ii that U Eji (p) > U £ii (q) - 
| VU e ^i \ds > e — 2A d > e — (1 — a) e — a e, from which the assertion follows. 

Lemma 2.27 (Convexity of level curves of the distance function) In -ft 2 , given 
a bounded convex set H , let the function 4>{p) : Cl(-ff) — ► 5ft be defined such that 
<f>(p) = dist(p,aff). Then for any value < a < <fto := sup{^>(p) : p € £Tf, i/ie 
subset H a := {0(p) > a} o/£f zs convex. 

Proof. Given values a € (0, 0o)j A € (0,1), and points Po,Pi G Cl(i/ Q ), let 
Pa := (1 — A)p + Api G Cl(.H'), and choose the point g> G 97? and the straight 
line L A such that |pa — 9a | = 4>(px), 1\ G La, and HnL x = 0. Then |px — «x| = 
(1 — X)\po — qo\ + X\pi — qi\, where qo,qi denote respectively the orthogonal 
projections of po,Pi onto the straight line L\. Since \pi — <fo| > <fi(pi), i — 0, 1, it 
follows that 4>(p\) = \p\ - qx\ > (1 - A)0(p o ) + A<^>(pi) > ((1 - A) a + Aa) = a. 
Therefore, we have that pa G for all A € (0, 1), from which it follows that 
Lf Q is convex. 

Lemma 2.28 There exist constants C^C^ > and £\ € (0,£o) smc/i that for 
any values € (0,£i], anj/i € {1,2}, any generalized ball H e ^ = H s ^[Qq) := {p g 
5ft 2 : ai(p)[p — Qo| < e} tfifi "center-point" Qq g 5ft 2 ; and any boundary point 
p Ey i G dH e i, there exists a Euclidian ball B(q £ _i ; -R £ ,i) wif/i center-point q £ ^ and 
radius R £ j := R e ,i(Qo) ■= (e/oi(Qo))(l - C*e) suc/i i/iai L?(g £)i ;i? £ ,i) C ff £ ,;, 
p £ , 2 G dB(q E ^;Re,i), and \q Bii - Q \ < C|e 2 . 

Proof. We supress the subscript i (and sometimes e). Let K e (p) denotes 
the counter-clockwise oriented curvature at the point p G dH £ of the arc dH £ 
corresponding to a counter-clockwise-oriented arc-length parametrization. By 
(HMD and H555H , we have that K £ {p) > for all p € 9i? £ , and therefore that (i): 
the set Lf e is convex, provided that the value e G (0, £o) satisfies the additional 
requirement that: C$e < 1, where the constant C5 is defined in (I260|) . Thus, we 
choose ei := min{e , (1/C 5 )} = min{l/2, (A 2 /2A 1 ), (1/C* 5 )}. It follows under 
assumptions (|249l) and (|259|) that (ii): 

(eK £ (p)/(a(Q Q ) + (A 1 /A)e)) < (sK £ (p) / 1 a{p)) = \p~Q \K £ (p) < 1 + C 5 s 

for e £ (0, ei] and p £ dH £ . A calculation based on (ii) shows that (iii): for 
any s £ (0, £1], the (point-wise) radius of counter-clockwise curvature of the 
(directed) boundary-arc dH £ is uniformly bounded from below by the positive 
value Re := ((e/a(Q ))(l - C{e) > 0, where C{ = ((At/ 'A 2 ) + C 5 )). Then, in 
view of (i) and Lem. 12.271 the region H £ coincides with the f? £ -neighborhood of 
the compact, convex set H £ := {p £ H £ : dist(p, dLf £ ) > R £ }, and in fact (iv): 
for each point p £ dH £ , there exists a point q £ dH £ such that B[q ; R £ ^j C H £ 
and p £ dB(q;R £ ). Also, by (|2"5D]l . we have that (v): B(Q ;R £ ) C H £ C 
B(Q ;R+) for any e £ (0,£ ), where we set Rf := (e/a(Q ))(l ± C^e) and 
C; := (At/ A 2 ). By (iv) and (v), we have B(q;R £ ) C H £ C B(Q ;R+), from 
which it follows for any point q £ dH £ (corresponding to a point p £ dH £ ) that 
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\q - Qo\ < {Rt - Re) < (e/a(Q ))(C 1 * + C 3 *)e. The assertions follow, where 
we set C 2 * := ((Cf + C%)/A) . 

Corollary 2.29 (Uniform interior tangent balls) There exist constants C* , i = 
1,2 and E\ £ (0,£o) such that for any value e € (0,£i], any solution T £ = 
(r £i i,r Ej 2) € !F E of Prob. \2.10\ at e, and any point p £ j € T s i, there exist 
Euclidian balls B^ := B{qf A ;Rf A ) C Cl £ with radii Rf A := (e/oi(Q^))(l - 
CJe) and "center-points" qf i such that p SA € 9B^ and \qf i — Qf { \ < C|e 2 , 
where G f e ,» denote the two extremal elements of the set T £ ^ PI dG £j i(p £) i), 
relative to the natural ordering of the elements of the arc T Sr i. 

Lemma 2.30 (Uniform lower bound for the gradient of the capacitary potent- 
ial in the "fixed point" problem) There exists a constant C := ( A / (2 ln(8A/yl)) 
> such that |Vi7 e i(p)| ~>C,i= 1,2, uniformly for all sufficiently small e S 
(0,£o); oil ' 'fixed points" T £ — (r E) i,r Ei 2) € T £ , and all points p £ fl £ := fl(T £ ), 
where U Sli (p) := U t (T £ ;p). 

Proof. In the context of Lemmas 12.251 and 12.281 and Cor. 12.291 given any 
points p £ j € r Ei j, for e € (0, £i] and i = 1, 2, we define the harmonic capacitary 
potentials 

V ± (q) ■= V £ ' lt - — (-44) 

£ > lW 2 1n(l/A) 1 j 

in the annuli Af A := {XR.f, t < \q — q eA \ < Rf^} C £l £ tangent to T £ ^ at p £A , 
where we set A := (A/8A). Then, for any e € (0,£i] such that 8^4C2*£ < 1, 
and for any point q € C\(B(q £ ^ ; XRfA)), we have 

dist(<z, f Eii ) <\q- q%\ + \q% - Q± | < C* 2 e 2 + Ai?± (45) 

< (C 2 *£ 2 + (Ae/A)) < (C 2 *£ 2 + (e/8A)) < {a /A A), 

from which it follows by Lem. 12.26( c) (with a = 1/2) that U £ .i(p) > (e/2) — 
V±(p) in dB(qf A ; \R%)). Since also V±(q) = < C/ E ,i(g) for all g e dB{qf A ; 
R^i), it follows by the maximum principle for harmonic functions that U £ ^{q) > 
V £i (q) throughout the annulus Af { . Therefore, we have 

|V^,i(p e> i)| > |Vl^(p M )| - ( £ /21n(l/A)i?±) > (A/21n(l/A)) (46) 

at any point p Ei i € r e .i at which the interior normal derivative |Vf7 E) i(p E ^)| 
exists. Under the assumption that Q £ is sufficiently smooth, so that the function 
4> E ,i(p) ■— ht(| \7U £ .i(p)\) '■ Cl(fi E ) — ^ 3? is continuous, it follows by the maximum 
principle for harmonic functions that <fi £> i(p) > l n (:d/21n(l/A)) throughout f2 e , 
as asserted. 

To prove the above result without the above additional smoothness assumption, 
we define the periodic arc-pair T £ j := (Te,6,i)Ts,s,2) £ X for any values e € 
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(0,£i] and S £ (0,e], where IY^i (resp. T Bt s^) denotes the boundary of the 
union of all the discs of radius S which are contained in the lower (resp. upper) 
complement D~(T e .i) (resp. Z? + (r £ , 2 )) of r £) i (resp. r £:2 ). We also define the 
capacitary potentials U St s,i{p) '■— Ui(T £ ,s;p) in the closures of the respective 
regions Q Bi s :— il(F £ ,s) for S £ (0,£] and e € (0, ex], observing that: (i) if Q £ 
is the union of all its interior balls of fixed radius a > 0, then the same is true 
of f2 e>< 5, (ii) the functions \7U £ .s(p) : C\(Q £ .s) — > 5i 2 are all continuous, and (iii) 
VU E: s(p) — > VU £ (p) (in any compact subset of fi £ ) and T £y s — > T e (in the sense 
of Hadamard distance between two sets), both as S — » 0+. 

In view of the properties (i), (ii), and (iii), one can replace T £ and U £ by T ey s 
and U £y s in the above argument to show first that 

e ,,(p) := In(|Vt/ £ , a (p)|) > ln(A/21n(l/A)) - 

first on r £j( 5.i U r £j( 5.27 then uniformly throughout f2 ei< 5, where z(<5) : 5J+ — > 3?+ 
denotes a fixed but arbitrary function such that z (5) —> 0+ as 5 — >• 0+. The 
assertion then follows in the limit as S — > 0+. 

Corollary 2.31 In the context of Lemma \2.3(A we have 

||7e,i|| < (\U eti (q)-U s<i (p)\/C) 

for all sufficiently small e £ (0, Eq) and for all arcs j £ j o/ steepest ascent of U e ^ 
such that U e ,i < (1/2) at both endpoints p,q £ Cl(f2 £ ). 

Proof. ByLem. E3Q1 wehaveC||7 £il || < . \VU £ti (p)\ds = \U e ,i(q)-U e ,i(p)\. 

Lemma 2.32 Let Y:={reX:f<r< f }, where f ,f £ X n C 2 denote 
respective strict lower and upper solutions of Prob. \2.2\ For any e £ (0, £i] 
(where ei — £i(r,f), see Thm. \2.18]) , letT £ £ Yn^" £ denote a "fixed point" of 
one of the operators T £ := T^. Then, for any fixed a £ (e, 1/2], the arc-lengths 
||r e , a ,i|| and total curvatures K(T £y0ly i) per P -period of the curves r £:Qj i := 
^a,i(r £ ), i = 1,2, are uniformly bounded from above over all sufficiently small 
e £ (0, £i]. Also, the capacity cap(f2 £ ) per P -period o/il £ :— f2(r e ) is uniformly 
bounded from above, independent of small £ £ (0, £i] . 

Proof. For any fixed point T £ £ Y, e £ (0,£i], we have f2 £ := 0(r £ ) C 
O(f) U 17(f), whence ||f2 e || < M := \\Q(t) U Q(t )||, where || • || refers to the 
area of one P-period (in x) of a P-periodic region. On the other hand, by Lem. 
E!|b), we have that ||fi £ || > ((a - £)/2A)||r £;Q!ii || for a £ (£,1/2], where || • || 
refers to the length of one P-period (in x) of a P-periodic arc. Therefore 

||r £)Q)i ||< (2AM/{a-e)), (47) 
cap(fi e ) < 3||r eil/2li || = (4Ml 2 /(! - 2e)) 
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for a £ (e,l/2] and % = 1,2. Let cf> e (p) := ln(|VZ7 e (p)|) . Then, by Lem. 
I2.26f b) and Lem. 12.301 there exists a constant C, independent of small e > 0, 
such that |0 e (p)| < C in uo e :— {e < U e (p) < 1 — e}. Moreover, we have 
dist{p,du £ ) > \{a-e)/2A) for p G u a := {a < U e {p) < 1 - a}, a G (e, 1/2], by 
Lem. I2.26f b). We conclude by the standard derivative estimate that 

\K £ ( P )\ < |V0 e (p)| < (2C/dist(p,^ £ )) < (4C3/(a-e)) 
for p G w a , a G (e, 1/2]. Therefore, 

^(r £)Q ,i) < ||r e , a)i ||sup{Jf e (p)} < &CMA 2 /(a-e) 2 
for a G (e, 1/2], where the sup is over all p G w Q . 

2.4 Weak solutions from fixed points 

Definition 2.33 (Weak solutions of F 'rob. We use T to denote the family 
of all weak solutions of Prob. \2.2i Here, a pair of directed arcs T — (Ti, L2) G X 
is called a weak solution of Prob. \2.2\ if there exists a positive null-sequence 
( £ n) ra _ 1 of values in (0, £0) an d a corresponding sequence of directed- arc-pairs 
r„ G y~ e „ ( see Def. \2.1lV b)) such that as n —> 00, we have T n T, component- 
wise, (and U n (p) —> U(p) uniformly relative to any compact subset ofQ, where 
we define U n (p) := U(T n ;p) (resp. U(p) := U(T;p)) in the closure of the 
domain Q n :— fl(T) (resp. Q := fl(T))). 

Theorem 2.34 (Existence of weak solutions; properties of weak solutions) Giv- 
en the fixed positive C 2 -functions a\(p),a2(p) '■ 5ft 2 — > 9?+, let be given a null- 
sequence (£ n ) _ x of values in (0, £q) and a corresponding sequence (r n ) of 
solutions T n = (L rii i, T n 2) G !F Sn of Prob. \2.10\ at e n (see Thms. \2.1b\ and 

WjM - Then: 

(a) There exists a weak solution T G F of Prob. \2.2l in the form of a directed- 
arc-pair T — (L!,L 2 ) G X (parametrized component-wise by Lipschitz- continu- 
ous mappings Pi(t) : 5K — > L i; i — 1,2) and a suitable subsequence (r n (fe)),_ , of 
directed arcs such that T n r k \ — > T as k — > 00. 

(b) We have D ± (T n{k)>i ) -> D ± (T i ), 1 = 1,2, and n(T n{k) ) -> ft(T) := 
L»+(Li) n D-(T 2 ), all as k oo, where D ± (T l ) := {W(T % ;p) = ±1/2}. Thus, 
Ui(T n / k y,p) — > Ui(T;p) in Cl(T), i — 1,2, as k — >• 00. 

(c) The pair T is in X. In particular, for each i = 1,2, the arc L.j is P -periodic 
(in x). Also dist(L 1 ,L 2 ) > (1/ A). Finally, for each i — 1,2, the complement 
ofTi can be partitioned into the sets D^(Ti). 

(d) The component-wise arc-length and total curvature per P -period of T are 
bounded from above. The bound depends only on the constants A,A,A\,Ai. 

(e) There exist positive constants < Co < C± such that Co < |V£/(r;p)| < C\ 
uniformly in := ft(T). 
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(f) For i = 1,2, and any to £ 5ft, there exists a value 6 > such that Pi(t) ^ 
Pi(to) for all t £ (t — 5, t + S) 

Corollary 2.35 In the context (and under the assumptions) of Def. \2.9\. in 
view of Thms. \2.18\ and \2.3J\ there exists at least one weak solution T £ Y of 
Prob. \2.2\ with all the properties listed in Thm. \2.3J\ 

Proof of Thm. 12.341 Concerning Part (a), for each n £ N, we let the 

P-periodic (in x) directed arcs r„,i, i — 1,2, be immages of the arc-length 
parametrizations p n ,i(s) : 5ft -t T nii , i = 1,2. Then \p n ,i(si)—p n ,i( s 2)\ < l-si — «2| 
for all s%,S2 G 5ft, i = 1,2, and n £ N. Each arc T n: i is also generated by a 
mapping q n ,i(t) : 5ft -> T n<i such that q n ,i(t) := Pn,i(L n ,it), where L n<i denotes 
the arc-length of one P-period (in x) of T nyi . We have \q n ,i(ti) — q n ,i(t2)\ < 
L n ,i\ti - t 2 \ for ti,t 2 £ 5ft and n £ N. By Thm. [STTHT b) (which follows from 
Thm. I5.2f c) and Lem. 12.321 Eq. l[17|)). the sequence (i n ,i) =1 is uniformly 
bounded from above. By the Theorem of Ascoli and Arzela, there exist a suitable 
subsequence (still indexed by n), a pair of values Li, i = 1,2, and a pair of 
Lipschitz-continuous functions qi(t) : 5ft — > 5ft 2 , i = 1,2, such that L rii i — > L, L 
and sup{|g n! i(i) — qi(t)\ : t £ 5ft} — > 0+ both as n — > 00, and, therefore, such 
that \qi(ti) — qi(t2)\ < Li\t\ — t 2 \ for all t\,pi £ 5ft. Clearly, the mappings 
qi(t) : 5ft — > 5ft 2 , i = 1, 2, are Lipschitz-continuous parametrizations of P-periodic 
(in cc) arcs 1^, % = 1,2. The same directed arcs are also generated by the 
parametrizations Pi(s) = qi(s/Li) : 5ft — > 5ft 2 , i = 1,2, which are such that 
\pi(si) -Pi(s 2 )\ < \si - s 2 | for all Sx,s 2 £ 5ft. 

Part (b) follows from Part (a) . The properties of T in Part (c) follow in the limit 
from essentially the same properties of the fixed-points T n ( k j £ X, in particular, 
the fact that the arcs r n (fe) j i are all P-periodic (in x), that dist(r„(fc) 1 , T n ^ 2 ) ^ 
((1 — 2e„(fc))/ A) (see Lem. H2U[b)), and finally that the complement of T^fc can 
be partitioned into the sets P ± (r„ (fc):l ) := {p f T n ( k ),i ■ W(T n ( k )y,p) = ±1/ 2}. 
Therefore r £ X. Part (d) follows in the limit as k 00 from Thm. I2.18f b). 
and Part (e) follows in the limit from Lem. 12.301 Finally, if the assertion in 
Part (f) is false for some i £ {1,2} and tg £ 5ft, then there exists a monotone 
sequence (tm)m=i sucn that t m — !• t as to — > 00, and such that p(t m ) = p(to) 
and p(i^) ^ p(to) both for all m, where t* m denotes some value between t m and 
t m+ \. It is easily seen that for each to, the total curvature of the arc-segment of 
Ti corresponding to the interval between t m and t m +\ must exceed 7r. Therefore, 
the total curvature of Ti is infinite, contradicting Part (d). 

3 Existence of classical solutions 
3.1 Sharp upper bounds for |V£/(p)| on T 

Theorem 3.1 (Sharp point-wise upper bound for the boundary gradient of the 
capacitary potential) Let U(p) := U(T;p) denote the capacitary potential in the 
closure of Q := ^(r), where T — (Pi,r2) £ T denotes a weak solution of Prob. 
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[U (see Def. [KM) Then 

Iimsup|VI7'(p)|<o i (p i ), (48) 

for i — 1,2, where p G £1 and pj denotes any point in Ti. In fact let fli := {p G 
f2, : f7j(p) < 1/2} and letai(p) denotes the unique continuous function in Cl(Oj) 
smc/i i/iai = Oj(p) on and ln(fii(p)) is harmonic in f2j, i/ien i/iere exists 
a constant d := sup{ln(|VJ7j(p)|/dj(p)) : p G Ti} (where Ti := {C/,(p) = 1/2} J, 
swcft t/ia£ 

|VC/i(p)| < Ei(p) := Oi(p) exp(2C i 0i(p)), (49) 

uniformly in fij /or i = 1,2. Observe that Ei(p) is a continuous function in 
Cl(f2j) suc/i that Ei(p) = Oj(p) on IV 

Lemma 3.2 For any e € (Q,£o)> ^ T e = (r Ei i,r E) 2) € denote a fixed 
point of the operator T e (by which we denote either Tf or T~). For i = 1,2, 
Ze£ U £t i{p) := Ui(T £ ;p) denote the corresponding capacitary potential in (the 
closure of) the domain tt £ := f2(r e ). Also let Cl £t i := {p G Q Ei j : U £y i(p) < 1/2}, 
and let a £ ^{p) : C\(Cl £ ^) — ¥ 5i 7 i = 1,2, denote the unique continuous function 
such that a £ j(p) = ai{p) on dtt £ j and ln(a E) j(p)) is harmonic in f2 El j. Tnen 
i/iere exists a uniform constant C e> i such that 

{e/d e ,i(p)) < E eti (p) := o e>i (p) cxp(2C E , 4 ^(p)) (50) 

in ri Ej i /or i = 1,2 and /or a^ e G (0, £o), where for each point p £ Q £ such that 
U e ,i(p) < 1 — £» where d £ ^(p) denotes the distance between p and the level curve 
of the function U £t i at altitude U £j i(p) + e. 

Proof. We choose i G {1,2} and supress the index i, so that T £ ^, a £i i(p), 
U £i i(p), etc. become r e , a £ (p), U £ (p), etc. For j = let z = x + jy — 

g £ (W) = g £ (U + jV) denote the analytic, periodic mapping of the infinite strip 
B := (0, 1) x 3? onto the P-periodic domain f2 E , whose inverse is the analytic 
function W — f £ (z) := U £ (z)+jV £ (z), where U £ (x, y) is the capacitary potential 
in Vt £ and V £ (x,y) is the harmonic conjugate of U £ . For any value h G 5i, the 
function In (e/(g £ (W + e + jh) — g £ (W)) is an analytic function of W in strip 
R £ := {W G K 2 : < U £ < 1/2}. Therefore, \n(e /(g £ (f £ (z) + e + jh) - z)) is 
an analytic function of z in Cl £ := {z G £l £ : C4(z) < 1/2}. Thus, E £ j l (z) :— 
hx[£/\g e (f e (z)-\-e+jh) — z\) is a harmonic function of z in tl £ . Thus the function 

E £ (z) := $up hm E Sth (z) = \n(e/(mi he ^\(g £ (f £ (z) + e + jh) - z\) 

is sub-harmonic in f2 E , where, for any value fi G [0, 1 — e], and any point z G 
r E .^ := {z G O e : J7 £ (z) = /i}, we have 

infftgsR \(g £ (f £ (z) + e + jh) - z\ = dist(z, T £ ^ +£ ). 

In equivalent notation, the function E £ (p) := \a(e j d £ {p)) is sub-harmonic in p = 
(x,y) G fi E , where d £ (p) :— dist(p, T E I( u+ E ) for all p G r E „. Thus, the function 
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F e (p) := \n{e / a £ {p)d £ {p)) is sub-harmonic in £l e , and satisfies F £ (T £ ) — 0. For 
e £E (0, £o]> it follows by the maximum principle that 

F s (p) < 2C s U s (p) (51) 

in Cl e , where C £ := sup{F £ (p) : p € f e }, and where f e := {U £ {p) = 1/2}. The 
claim follows from (|5ip by observing that the constants C £ have a uniform upper 
bound independent of small e <G (0,£To). 

Proof of Thm. [3TTJ Given the weak solution T e let T £ = (r e)1 ,r Sj2 ) € 
^F £ , e £ S C (0, £o), be an approximating sequence of fixed points. For i = 1,2, 
let U £ ^{p) := Ui(T £ ;p) denote the suitable capacitary potential in (the closure 
of) tt £ := 0,(T S ). Then U £yi (p) -> Ui(p) and a £! i(p) -> a 4 (p), i = 1,2, all as 
e — > 0+ relative to 5, where a £ ^(p) is defined in Lem. 13.21 and where, in each 
case, the convergence is uniform relative to any compact subset of f2. The same 
applies with U St i or a El j, i — 1,2, replaced by any fixed derivative of the same 
function, as follows by a standard derivative estimate for harmonic functions. 
Of course it also follows that C £jJ ; — > C$ := sup{ln(|V£/j(p)|/<Zi(p)) : p E l\} and 
Ee,i(p) — > Ei{p), both as e — > 0+ relative to S, where t\ := {[/^(p) = 1/2}, and 
the convergence is uniform in any compact subset of il. For any small e G S 
and any point p € f2 e with U £t i(p) < 1 — e, let 7 E ,i(p) denote the unique arc of 
steepest ascent of the function f/ Ei j which joins p to the level curve of U St i at 
altitude U £ ^(p) + e. By Lem. 13.21 we have 

\he,i(p)\\ > deM > (e/E e ,i(p)), (52) 

in {U £: i(p) < 1/2}. In view of this (and the identity J , > \ VU £ ^(p)\ds = s), 
we have 

mf{|V[/ M (g)| : q € 7eii (p)} < £ . ... < S eii (p) (53) 

I|7<m(p)II 

for e G S, where, by Cor. 12.311 we have ||7 e ,i(p)|| < (e/Ci) uniformly for p e tl £ 
and all small e € S. The functions V{/ Ei j(p), with e sufficiently small in S 1 , are 
equi-continuous relative to any compact subset A of Q. In view of this, it follows 
from ([53]) that 

\VU £il ( P )\ < E £il (p) + z A (e) (54) 

in any compact subset A of fij :— {Ui{p) < 1/2}, where z$(e) — > 0+ as e — > 0+ 
relative to S 1 . The assertion now follows in the limit as e — > 0+. 

Corollary 3.3 In the notation of the proof of Lem. \3.Sl the function E £ _q{z) := 
hi(e /\g e (f e (z) +e) — z|) is harmonic for sufficiently small e <E S . It follows that 
the continuous function 

cj> e ,i{p) := ln(e/|n eii (p) - p|) : Cl(O e ,i) -> 32 (55) 

is harmonic in the domain Cl £t i :— {p € 51 e : U £ _i(p) < 1 — e} /or any sufficiently 
small e € S, where for each point p € fi e ,i, t/ie notation Ii £ ^{p) refers to the 
point of intersection of the arc of steepest ascent through p of the function U £ j 
with the level curve of the function U £i at the altitude U £ ^{p) + e. 
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3.2 Estimates related to total-curvature bounds 

Lemma 3.4 (a) Let T\,X € I := [a,b], denote a weakly monotone increas- 
ing, Lipschitz- continuously-varying (in X), uniformly-C 1,1 family of arcs in X 
(Lipschitz-continuously varying with Lipschitz constant M in the sense that 
\Pa(s) — pp(s)\ < M \a — (3\ for all s G 5ft and a,/3 £ I, where px{s) : 5ft — » T\ 
denotes the arc-length parametrization ofT\. Assume that K\ < K < oo for all 
A G /, where K\ denotes the total curvature per P -period (in x) of the arc T\. 
Let V : — > 5ft denote the function such that V = X on T\, where f2 = UAejT.\. 
Then: 

\\K\\-\\T' f} \\\<2MK\a-P\ (56) 

for any a, (3 G /, where where T a , T'p denote arc-segments ofT a , Tp, resp., 
spanning not more than one P -period in x, such that T' a projects onto T'^ (and 
visa verse) along the arcs of steepest ascent of the function V : fl 5ft, and 
where, for non-infinite arcs, we use \ \ ■ \ \ to denote arc-length. 

(b) For any e G (0, sq), and any "fixed point" T e = (r Ei i,r £i 2) € J~ E) let 
r e ,A,i := *A,i(r e ) = {U e>i (p) = A} G X for A G [0,1] and i = 1,2, where 
U e> i(p) :— Ui(T £ ;p) in the closure of the domain fl £ := Q(T e ). Then it follows 
directly from Part (a) that 

|l|r; aii ||-||r; w ||| <2M e K\[3-a\, (57) 

for any a, (3 G [0, 1], where a i and a . denote any arc-segments of ^ E ,a,i 
and T s respectively, which span not more than one P -period, and which 
project onto each other along the arcs of steepest descent of the function U e (p) := 
U(T E ;p). Here, M E denotes the Lipschitz constant for the variation of the arc 
r e ,A,i o,s a function of X. For small e > 0, one can choose M E = (2/C), where 
C > denotes a positive uniform lower bound for \\7U £ (p)\ in f2 e (see Lem. 
[KM) . 

(c) In the context of Part (b), let Cu e; i := {f/ e ,i(p) < £ } (with boundary com- 
ponents r e .i := {U €t i(p) = e} and T £ ^ := {U e .i(p) — 0})- Also let uj e ^ :— 
{p G ii Ej i : \p — q\ < dist(g, T s ,i) for some point q G ^ E ,i} > and let T E: i denote 
the boundary of ' (b E ,i relative to tt £ (i.e. T Er i :— dto e ,i \ T Et i). Finally, let 
and T' ei denote any arc-segments ofT £ ^ and T Et i, respectively, such that both 
arc-segments have the same initial and terminal points. Then: 

\\f^\\<\\r>J\andK(f^)<K(f^), (58) 

both for any e G (0, Sq\ and i = 1, 2. 

(d) In the context of Parts (b) and (c), there exists a constant Cq > such that 

0< fell -fell < nC K(f Eii )e, (59) 

where Co '■= ((2A — Ci) /CxA) and C\ > denotes the uniform lower bound 
for \VU E (p)\ in ui E) i, and where n denotes the number of whole P-periods ofT E ^ 
intersected by T' e i . 
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(e) Let p £ ^{s), p e ,i(s), p £>a ^{s), and p £ ^(s) denote respective positively- oriented 
arc-length parametrizations of the arcs T £ ^, T £t i, T £ ^ a ,i, andY £ .i G X introduced 
above, all chosen such that p E) ,(0), p s ,a,i(0)> Ps,i(0) G Je,i(0)> where J e ,i{s)> 
s G 5ft, denotes, among all maximal (under set inclusion) arcs of steepest as- 
cent of the function U e< i(p) :— Ui(T £ ;p) originating at the point p s ,i(s), the 
particular arc whose intersection with the arc T e> i occurs first for all s G 5R 
or else last for all s G 5ft. We also re-parametrize the arcs T Si i, r £iai j, and 
T St i in the same order by the functions q s ,i(s) :— p £ .i{{L £ .i / 'Le,i) s ) , Qe.a,i(s) ■— 
Pe,a,i((L s , a ,i/L St i) s) , and q e ,i(s) := p E ^{{L e ,i/L e ,i) s) , where L Sti := \\T Sti \\, 
L £t i := ||f e ,i||, i'E.a.j := ||r e , a ,i||, and L £ti := ||r e)i ||, (in which \\T\\ denotes the 
arc-length of one P -period (in x) of an arc T G XJ. In this context, we define 
the positively- oriented parametrizations f £ ,i(s) and r £ ^ a ^(s) of the arcs F £ ^ and 
r e , a ,i, respectively, such that for each s G 5ft, we have r £ ,i{s) := q £ ^(TT £t i(s)) and 
r e,a,i(s) := q £ , a .i{^e,a,i{s)), where the values ^ £ ,i{s) and Tr £ , a ,i(s) are uniquely 
chosen such that the arc 7 e ,i(s) through the point p Ei j(s) intersects r e> , and 
r e , Qj i at the points q £ ^(TT £ ^(s)) and q s ,a,i(^e,a,i(s)) , respectively, and we define 
the parametrization f £t i{s) of the arcT £t i such that f £l i(s)) := q e ,i("^e,i(s)), where 
for each s G 5ft, the value ir £j i(s) is chosen to be minimal (resp. maximal) sub- 
ject to the requirement that \q s> i(Tt St i(s)) — p £i i(s)\ = dist(p £) i(s),r ei j). By Parts 
(a)-(d), we have: 

\L e ,i ~ Le,i\j \p£,a,i ~ Ls,i\> \L e ,a,i ~ -^E,t | 5: MiE, (60) 

\qe,i( s ) ~ Pe,i( s )\^\le^,i{ s ) ~ Pe,i ( s ) \,\ Qe,i («) ~ Ps,i(s)\ - M l £ ' ( 61 ) 
\n s ,i(s) - s\, \n £ , a ^(s) - s|, 1 7T e ,i (s) - s\ < M\E, (62) 

uniformly over all s G 5ft, all sufficiently small values e£ 5, and all a G (0, e], 
where the constant Mi depends only on A, A, the upper bound K for total 
curvature ofT £ .i (independent of small e > 0), and the positive uniform lower 
bound C > (independent of small e > 0) for |VJ7 £) ,(p)| relative to d> £ ^ (see 
Lem. IPB)) . 

Proof of Part (a). For any a £ I, we let p a (s) : 5ft — > T a denote the C 1,1 -arc- 
lcngth parametrization of the P-periodic arc r Q G X. Then there is a constant 
C such that |T («i)-r a (fla)| < C |si-s 2 | and \N a { Sl )- N a {s 2 )\ < C \ Sl -s 2 \ 
uniformly for all S\,S2 G 5ft and a G /, where T Q (s) (resp. N a (s)) denotes the 
forward tangent vector (left-hand normal vector) to T a at the point p a (s) G T a . 
It follows from the bounded curvature of the arc T a that 

N a (s) - N a (s ) + A a (s ,s)T a (s Q ){s - s ) = E a (s ,s) (63) 

for s < s in 5ft, where A a (so,s) G 5ft and E a (so,s) G 5ft 2 are chosen such that 
l-^-a(so) s)\ \s — So| does not exceed the magnitude of the net curvature of T a 
between p a (so) and p a {s) (thus |j4 q (so,s)| < Co) and \E a \ = 0(\s — s | 2 ) as 
s — > so. For each a, 5, s G 5ft such that a, a + S G I we map p a (s) G T Q onto the 
point 

q a +s(s) = p a (s) + r a> s(s)N a (s) e T a+S , (64) 
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where |r Qj< s(s)| is as small as possible (by assumption, we have |r a)< 5(s)| < M\S\ 
for small S € By double application of (|64)l . followed by ([63)) and the fact 
that \p a (s) — p a (so) — T a (so)(s — so) I < 0(|s — so | 2 ) as s — ► so, we conclude that 

q a +s{s) - q a +8{so) = p a (s) - p a (so) (65) 

+r a ,g(s )(N a (s) - N a (s )) + N a (a)(r at s(s) - r aiS (s )) 
= ((1 - Ar atS (s)(s - s ) + ei)T a (s )) + N a (s )(r a ,5(s) - r atS (s ) + e 2 ) 
where ei Q , e 2 Q G 3? are such that |ei Q |, |e 2 a 

| < 0(\s - s | 2 ) as s -> sq. Thus 
kQ+5(s)-(7Q+5(so)| 2 = |1-^4q »'Q,«5(so))(s-so)+ei^| 2 + |r Q! 5(s)-r Q! 5(so)+e 2 , Q | 2 . 
It follows that 

\q a +s{s) - q a +s(so)\ > 1(1 - A*(so, s)r a)l y(so))(s - s ) + ei| (66) 
> |s - s | - K a (s , s)M\S\ - 0(|s - s | 2 ), 

where A a = A a (so,s) and K a (so,s) denotes the total curvature of r Q cor- 
responding to the parameter interval [so,s]. Given a £ [0,1] and an arc 
r« := {p a (s) ■ s £ J}, we use ([64)) to define the arcs T a+S := {q a+ s(s) : s € J} 
for (a + 5) £ / and |£| sufficiently small. By applying the estimate ([66)) to a 
sufficiently refined partition of J, we conclude that there exists a value <5o > 
such that ||r^ +5 || > ||r^|| - MK\S\ for all a, (a + 5) £ I such that \5\ < S . It 
is easily seen that ||F a+(5 || < ||r^ +(5 || + 0(8 2 ) as S — > 0, where T^ +s consists of 
the points in T a +s which project onto along the arcs of steepest ascent of 
U. Therefore, there exists a value Si £ (0,5) such that 

||r^||>||r4||-2Mif|5|, (67) 

for a, (a + 5) £ I such that \S\ < Si. Part (a) (Eq. (151))) ) follows from this. 

Proof of Part (c). For any given values i £ {1,2} and e £ (0,£o), and for 
each point p £ T e ,i, we use Ii e ^(p) to denote the set of all points q £ T £ j such 
that \q — p\ = dist(p,r Ei j) (see Def. 15.61) . Assuming that pi < P2 relative to 
the natural (positive) ordering of points in T e ^, it follows that qi < 92, relative 
to the natural ordering of points in r e> i, where we assume that qj £ Tl e ^(pj) 
for j = 1,2 (see the proof of Lem. 15.8( b)). Let C e ^ denote the set of points 
p in T Ei i such that Ii e ^(p) is not a single point. For each point p n £ C e ^, we 
use 7e,i(po) to denote the maximal circular arc centered at po and having radius 
po := dist(po,r e ,j), such that both endpoints of %,i(po) belong to H ey i(po). For 
any points q £ % t i(po) and pi £ T E ^i such that pi ^ po, we have 

\q-r\ + \r-p \ > \q-po\ = Po = \qo -r\ + |r-p |, 

whence \q — r\ > \q — r\, from which it follows that 

\q~Pi\ = \q~r\ + \r-pi\ > \q - r\ +\r-pi\ > \q - pi\ > dist(pi, f e>i ), 
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where qo is a point in T e> i such that \qo — po\ = po and such that the line- 
segment joining po to qo intersects the line-segment joining pi to q at some 
point r. It follows from this that for any given values i € {1,2} and e € (0, £o], 
the set r £) j \ r E: j is the disjoint union of all circular arcs %.i(po) corresponding 
to points po € C Si i. Part (c) follows from this. 

Proof of Part (d). In the context of Part (c), given values i € {1,2}, e € 
(0, eo), a point po € and the maximal (under set inclusion) circular directed 
arc-segment % t i(po) of T e ,i with initial (resp. terminal) endpoint q s ,i,i(po) (resp. 
9e,i,2(po))> we use 7e,i(Po) to denote the corresponding directed sub-segment of 
r e ,i ~ {Ue,iip) — s} having the same initial and terminal endpoints. We 
observe that 

M (po) := if(7 e ,i(po)) < K(% t ( Po )), (68) 

0e,i(po)n(Po)e = ||7e,»(Po)|| < ll7e,i(Po)|| 

(closely related to Eq. ([55])). where rj(po) : = (l/ fl i(po))- We also have have 

Ci||7e,i(Po)|| < / \VU e (p)\d8= f (dU £ ( P )/du)ds (69) 

•'7e,i(po) J%,i{P°) 

< [ \VU e (p)\ds<C 2 \\% ti (p )\\ 

"'7e,i(Po) 

for i = 1, 2, sufficiently small e € (0, £q), and po € C Ei £, where Ci > denotes a 
uniform lower bound for |VE/ e (p)| independent of p £ Q £ and of all sufficiently 
small e € (0,£o] (which exists by Lem. 12.301) . and where C2 denotes a uniform 
upper bound for | VU E {jp)\ relative to all arcs % } i(po) corresponding to sufficiently 
small e G (0,£o] (one can choose C2 = 2A by Lem. 12.26( a)). It follows from 
(168]) and (S3) that 

< (||7M(Po)|| - ||7 6l i(po)||) < ((C2 Cj/OUyeMW (70) 

= ((C a - Cx/d) r,(po)e M (po))e < ((C a - Cx)/Ci£j K(%^ Po ))e, 

for i = 1,2, any sufficiently small £ € (0, £0), and any circular arc-segment 
7e,i(Po) of r e< i corresponding to a center-point po € C e .i. In view of (|55|) . it fol- 
lows by summing ([70]) over the collection of center-points p E) i,p E) 2, ■ • • ,p s ,n(e,i) € 
C E) j corresponding to one P-period (in x) that 

n(e,i) 

< fe|| - fe|| = £ (||7 e ,i(p e ,i)ll - ll7e,i(p £)J -)||) (71) 

n(e,i) 

< ([0, - Ci])/C x a) ( K (%i(Psj))) e < C iir(f e>i )e, 
from which the assertion (|59|) follows, where Co := ((2j4 — C\)/C\A\. 
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Proof of Part (e). The functions 7r Ej j(s), 7r e , Q ,i(s) : 3i — > 3i are weakly in- 
creasing, since arcs of steepest ascent of the function U £ ^ can't cross relative to 
the domain il £ . Also, the related mappings <ft £ ,i(s) :— 7r e ,i(s) — s : 3? — > 3? and 
0£,a,i(s) : = i"e,Q,,i(s) — s : 9? — ► 3? are L Ei i-periodic. In this context, the first two 
estimates of each of ([SO]) . (|FT|). and (1521 follow from Part (b) in connection with 
Cor. 12.311 Also, the function 7r e ,i(s) : 3? — > 3? is weakly increasing, due to Lem. 
I5.8f b). and the related function (j) e ,i{s) '■— 7r e ,i(s) — s : 3? — > 3? is L Ej j-periodic 
by definition. In view of this, the three final estimates in Eqs. (|5Tj) . and 

(p2")l all follow from Part (d), Cor. 12.311 and the previously proven portions of 
the estimates ([5D|. (joTT) . and ([52]) . 

Lemma 3.5 Given any L-periodic, twice (resp. once)-differentiable function 
f(t) : 3? — > 3? 2 wii/i absolutely integrable second (first) derivative, we have that 

\ f(t)\d t y <8 \ f(t)\dt £ \ f'(t)\dt, (72) 

sup \f(t + X) - f(t)\dt < I I \f'{s)\dsdt <2h \f'(t)\dt, 

(73) 



Proof sketch. The first estimate follows from the second-order Taylor remain- 
der formula for /, while the second is related to the Theorem of the Mean. 



'0 \E[-h,h] JO Jt-h 

where holds for any h > 0. 



Lemma 3.6 For any < e < 1, let the interval I £ and the integrable functions 
9e(s),h £ (s),9 £ (s) : I e -> 3? be such that \h e \ < Ae, fj \g E (s)\ds < Be 3 / 2 , 
f Ie \9 e (s)\ds < O/e, and \h e \ < \g £ \ for \9 e \ < tt/4. Then ^ \h £ (s)\ds < (B + 
(4AC/tt))e 3 / 2 for all < e < 1, where the constants A,B,C are independent of 
< £ < 1. 

Proof. Let J £ = {s e I £ : \9 £ (s)\ > (tt/4)}. Then (tt/4)|J e | < J h \9 £ (s)\ds < 
Cy/s, from which it follows that \J £ \ < (AC^fe/iz). Therefore Jj \h £ (s)\ds < 
(4ACe 3 / 2 /7r). We also have f IeV Jh s (s)\ds< f hV Jg s (s)\ds <Be 3 / 2 . The 
assertion easily follows. 

Proposition 3.7 Given a countable set S C (0, eq) having as it's sole ac- 
cumulation point, let T £ = (r e ,i,r e .2) € T £ , e € 5, denote a family of "fixed 
points" in X smc/i i/ia£ i/ie arc-lengths L £ , l7 L £ ^ and total curvatures (all per 
P-period in x) of the arcs T £ ^ and T £ s :— $ £jJ (r e ) = {U £ ^{p) = e\, resp., are 
uniformly bounded from above over all e € S and i — 1,2. For any e£ S, let 
p E) i(s) : 3? — > r 6j i denote a positively- oriented arc-length parametrization of the 
arc T £ j, i = 1,2, and let p £t i(s) : 3? — > r £j ; denote the mapping of each s G 3? 
into £/ie always maximal or always minimal ( in terms of the natural ordering in 
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T St i) point of intersection p e ,i(s) of the arc T St i with any arc 7 E ,i(s) of steepest 
ascent of the function U £> i{p) := Ui(T £ ;p) originating at the point p £ ^{s). Then, 
given a constant C , there exists a constant M such that 

[ °' % f E ,i(s)ds<Ms 3 / 2 , (74) 
Jo 

uniformly for i = 1,2, and for all sufficiently small e € S, where we define 
L E ,i ■= ||r e ,t|| and 

< /*,,(«) := \p s ,i{s) - p £ ,i(s)\ - diBt(p eii («),f eii ) < Ce. (75) 

Proof of Prop. 13.71 This proof is in the context and notation of the proof of 
Lem. 13.41 (especially Lem. I3.4f e)). Given T £ £ T £l we use T £y i e X to denote 
the boundary component relative to u) £ i U T £ j of the annular domain 

& £ ,i ■= {q G &e,i ■ \q —p\ < dist(p, T £ s) for some p <E r £ji }, (76) 

where Co £ ^ denotes the strip-like domain bounded by T £> i ur Ej! . By Lem. !3.4f aV 
(e), there exists a constant Mi such that the estimates (|6T)|) . (|FT|) . and (j()2"j) hold 
uniformly over all s £ 3?, e € 5, and a € (0, e]. In terms of further notation in 
Lem. I3.4f e). we study the functions f £ .i(s) : 3? — > 9? defined by: 

< U,i{a) := |f M (s) -p e ,i(a)| - |f E)i (s) -p M (s)| < Ce, (77) 

where the mapping r £ ,i(s) :— q £ j(ir £ ^(s)) : 5ft — > L £i i coincides with p £ ,i(s) : 
9? — > r £) j, and the mapping r £l i(s) :— q £ .i(ir £t i(s)) : 3? — > T £i i is such that 
\ r e,i{s) — Pe,i{s) \ = dist(p £j i(s), r Eii ) for all s€ 3?. We have 

/ e ,i(*)</ e ,i(a) + A,i(a), (78) 

where 

/ E ,i(s) := dist(r £ii (s),C £i i(s)) = \ f £ ,i(s) - Q E ,i(s)|, (79) 

:= |r E ,i(s))-Q M (s)|, (80) 

in which C £ ^(s) denotes the straight line passing through the points p £i i(s) and 
while Q £t i(s) denotes the point closest to the point r e i (s) in the line 
C £) i(s). By assumption, we have that 

0</ e ,i(«),A,i(*)<Cte (81) 

for some constant C. Also, due to the perpendicularity of the arcs T £i i and 
£ Ej i(s) at their intersection point f £ ^(s), it is easily seen that 

fe,i( s ) < fe,i( s ) whenever E>i (s) < tt/4, (82) 
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where £) i(s) denotes the maximum absolute variation in the argument of the 
forward tangent to the arc-segment of the arc r e j between the points r £ ^(s) and 
f E) i(s)). By ([6"2"1) . we have 1 7r e ,» (*) — ^e,i(s)\ < M\£, where of course M\£ < y/e 
if e € S is sufficiently small. In view of this, it follows from Lem. 13.51 (Eq. ([71])). 
with /(*) := arg (q' e that 



(83) 



for a new constant M2. Finally, in view of Lem. 13.61 it follows from ([81)1. ([82 
and flS3J| that if the inequality: 



(84) 



holds for a fixed constant M3 and all sufficiently small e € 5, then we also have 
fo e '*fe,i( s )ds < M^£ z l 2 for some constant M4 and for all sufficiently small 
£ £ S, from which it follows via ([781) that (|94p holds under the same conditions. 
Toward the proof of ([54]). we define f e ^(a,s) := dist(r £jC( ,j(s), £ e ,.;(s)) for all 
s £ S, « £ (0,e], and sufficiently small e € S. Then, in view of the fact that 
/ e ,i(0, s) = 0, we have that 



|/m(*)I < 



df s ,i(a,s) 



da 



da, 



for any s € B, where, for each a € (0, e], we have 



da 



< 



vc/ e 



Vl7 e ,< 



|V(7 £ 



(85) 



(86) 



Here |VI7 £i ;| and u e i := (VI7 s ,j/|VZ7 e ,i|) are evaluated at the point r £jCti i(s), T S) j 
is a unit normal to the line £ £ ,.;(s), i> e o,i denotes any vector in the direction 
of £ E) j(s), and f E j and i/^ 0i denote clockwise 90-degree rotations of v e i and 
^£,0,4, respectively. We also set i/^" 0l = q' e j(7r E ,i(s)) for the same e € 5 and 
s g K. We have by definition (see Lem. I3.4f e)) that 

Qe,a,i{s) '■— Pe,a,i{{Le,i/ L e ^ a ^ s) , 

from which it follows that 



for any s G 5R, where we have \p' e a { (s)\ = 1 for all s and also \L £ _i—L e 
by ([6"U[). In view of this, it follows from (I5B1 that 



9fe,i(a,s) 



da 



< 



i (7r E ,a,«(3))-g / e , i (7r e ,i(a))| + O(e) 

I VC7" e> i (g e ,«,i (7Te,a,i («)) | 



(87) 
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for all a £ (0,e], e £ S, and s 6 S, where the reciprocal of \VU Ei i(p)\ is bounded 
above by a uniform constant M5 (see Lem. I2.30p . By again using the fact that 
\n e ,a,i(s) — s\, \7r e (s) — s\ < M\e (see (JB2J)), where M\e < \fe for e £ S sufficiently 
small, we conclude that 

KcMfre.cMCs)) - 9e,i(*e,i(*))| < 1 9e,o,t(^,o,i («)) ~ 9e^,i( s )| ( 88 ) 
+ K«,i( S ) - <?e,i( s ))| + \q'sA s ) ~ C,i(?W( s ))| 

< e e , Q ,i(s) + h St a ti (s) + e e>i (s), 
for all s G 5R, a £ (0, e] and sufficiently small e £ S, where 

e E ,a,i(s) := sup {|g s , a ,i(s + A) - g£, a)i (s)| : |A| < Ve }, 

e E ,i(s) :=sup {|g^f(s + A) — Ci( s )| : l A l < Ve}, 

^ e ,a,i(s) := \q' e ,a,i( S ) ~ €,i( s )\- 

By substituting each of the L £i -periodic functions: q' £ a 4 (s) and q' £ i (s) for /(s) 
in Lem. 13.51 Eq. (173")) and interpreting the integrals J^ e '' \tf^ ai (s)\ds and 
So" '* |<?e,i( s )|^ s m terms of the total curvatures per P-period (in 2) of the 
respective arcs r £jQi i and T e ^, we conclude that 

/ e £jQ , l (s)ds < M 5 Vi; / e £ii (s) ds < M 6 y/i. (89) 
Jo Jo 

for all a G (0, e] and sufficiently small e £ S. Similarly, by substituting the 
L £j i-periodic function f(s) := q £ . a ,i(s) ~ q £ ,i{s) into (|72|) . we get 

' Ko,i(*)-^,i(*)|d«) < (90) 
q e , a ,i( s ) ~ Qe,i{s)\ ds / (\q'e, ati (s) \ + \q" ti (s)\) ds, 





from which it easily follows by estimating the first integral on the second line 
of ([9"U| and estimating the second integral by the total curvatures of r £jQii and 
T £ .i that 

h e , a ,i( s ) ds < M rVs (91) 

for all a £ (0, e] and sufficiently small e £ S. By substituting the inequalities 
PW a)), PW b)), and JSIJ into (JS7J and §58]), we conclude that 

/ \(d/da)f e ,i(a,s)\ ds < M 8 ^E. (92) 
Jo 

for all a £ (0, e] and sufficiently small e € S. Finally, it follows from (|85|) . (|92|) . 
and Fubini's theorem that 
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/ ' ki(s)ds< [ "' / \(d/da)f eti (a,s)\dads (93) 

Jo Jo Jo 

[ \(d/da)f e ,i(a,s)\dsda< [ M 8 Ve da < M 3 e 3/2 , 

o Jo Jo 

for all sufficiently small e € 5, as was required in ([84]). 

Corollary 3.8 (Generalization of Prop, Given £ e 5, T E e f £ , i e [0, 1), 

and the capacitary potentials U £t i{p) := Ui(T £ ;p) (defined in the closures of the 
periodic domains fl £ := fl(T e )). let the related capacitary potentials U £ .s t i{p) : 
Cl(Q E ^s,i) 5K be defined such that U £ ^s.i{p) '■— ((Ue,i{p) — (1 — eS)) in the 
closure of £l £i s,i '■= {0 < U £y s,i(p) < 1}, vie use p £ .s,i(s) : 5ft — > T £ g ti to denote 
positively- oriented arc-length parametrizations of the arcs T £ si :— {U £t s,i(p) = 
0}, i = 1,2, and we use p £ ^ y i{s) ■ 5ft — > ^e,s,i t° denote the mapping of each s G 5R 
into the unique point of intersection p £t s,i{s) of the arc T £ ^s.i '■= {U £t s,i(p) = £} 
with the unique arc 7^5^ (s) of steepest ascent of the function U £t s,i(p) originating 
at the point p £j s,i(s). Then there exist constants C and M , independent of small 
5 £ (0, 1) such that 

feMs)ds<Me 3 / 2 , (94) 



uniformly for i = 1,2, and for all sufficiently small £ € S, where we define 
L £ ,8,i ■— Hr^^iH and 

< fc,sA s ) : = \Pe,S,i( s ) ~ Pe,S,i( s )\ ~ dist (Pe,6,i («) , f e ,8,i) < Cs. (95) 



Proof. For any given values e G S and <5 G [0, 1), we redefine all the notation 
in Prop. 13.71 and its proof by replacing all the definitions previously expressed 
in terms of (or based on) the capacitary potentials U £ ^{p) : C\(il £y i) — > 5ft by 
the corresponding definitions based on the corresponding capacitary potentials 
U £ ,$,i(p) ■ C\(il £ ^s.i) — > 5ft. Thus Cor. 13.81 reduces in the case S = to Prop. 
13.71 and the proof valid for the case 5 = easily extends to establish uniform 
estimates valid for small e € S and small 5 <G (0, 1). 



3.3 Sharp positive lower bounds for |V£/(p)| on T 

Theorem 3.9 (Sharp uniform lower bound for boundary gradient of the ca- 
pacitary potential) Let U(p) := U(T;p) in the closure of := ^(T), where 
T = (ri,r 2 ) e T denotes a weak solution of Prob. HjH (see Def. \2.33\ and 
Thru, \2.34\ l, obtained as the limit of a convergent sequence of operator "fixed 
points" r„ S J- en corresponding to a null-sequence of values e n in the interval 
(0, Eq). Assume the component-wise arc-length and total curvature per P -period 
of the "fixed points" T n ,n € N, are uniformly bounded (as they will be under 
the assumptions of Thm. \2.18[ where we set X := *Y). Then: 

liminf|Vt/(p)| > ai { Pi ), (96) 
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i = 1,2, where p £ Q and pi denotes any point in IV In fact we have 

\VUi(p)\ > Ekip) := (oi(p)exp(-2Ci Ufa)), (97) 

in Qi := {p G fi : U l {p) < 1/2} for i = 1,2, w/iere a,(^ : Cl(Oi) -> SR 
denotes the continuous function such that a,i{p) = di(p) on d&i and ln(aj(p)) 
is harmonic in Oj, and where C\ = sup {ln(aj(g)/|Vf7(g)|) : j 6 fk and where 
r := { f/(g) = 1/2}. Observe that in Ei(p), i = 1,2, denotes a continuous 

function in Cl(fij), smc/i that Ei(p) = a,i(p) on Fj. 

Remark 3.10 For <j> G L 1 (3?) and 5 G L p (di) with p>l, we have: 

\(g*<t>)(x)\ p dx<( l°° \<t>(x)\dxY( r \g(x)\Pdx), (98) 
i J— 00 J —00 

where "g*4>" denotes the convolution of <j> and g (see [SL], Thru. 6p, p. 374)- 
If g G L p (3?) and 4>{x) denotes an integrable, n-periodic function, then 

\{g*4>){x)\ P dx< ( r K \4>{x)\dx) P ( r \g(x)\Pdx) (99) 

J r J —oo 

for any r G 3?; m fact \99\l follows by setting <fi{x) :— 4> n {x) in f \98\) , where we 
define 4> n {x) = 4>{x) in [—nK,nn], 4> n {x) —Q in 9? \ [—nn,nn], and using the 
fact that g * <j> n — >■ g * (f> as n — >■ 00, where g * 4* is n-periodic. 

Lemma 3.11 Let 6e given a family of fixed points T e — (r £i i,r e .2) G ^" e , 
e G S C (0, £o)> suc/i that the total curvature (in one P -period) of the curves 
T e ^, i = 1,2, is bounded above by a constant M (independent of e G S). Then 
for any 6 G (0, 1), there exists a constant C(S) such that 



\VU £ 4p)\ 2 ds £Al <C(S), (100) 



for i = 1,2, uniformly for all e G S, where U e i(p) :— Ui(T e ;p) and T e si '■= 
$ eS ,i(T e ) ={U e>i (p)=e5}. 

Proof. We fix the value e G S, and suppress the subscript e. We also assume 
without loss of generality that the curve-pair T — (ri,^) G X is analytic. 
We let k — k(T) denote the capacity of one P-period (in x) of the domain 
O := 0(r), while Ki — K(Ti) := total curvature of oneP— period of IV Let 
w = F(z) : 3? x [0, 1] — > C1(Q) be an analytic, K-periodic, onto function, whose 
restriction to [r, r + k) x [0,1] is one-to-one for each t G SR. Let G(x,y) = 
ln(|F'(z)|) in 3? x [0, 1]. Then the function 

G y (x, y) = (0/dy) In (\F'(z)\) = -(d/dx) arg (F'(z)) 

is harmonic in 3? x [0, 1], and we have f T K 4>(x) dx — and j^ +K \4>{ x )\ dx < M 
for any r G 3?, where we define <j>(x) := G y (x,0) in 3?. We define the function 
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H(x,y) in 3? x [0, oo) such that H y (x,0) := <p(x) in 3? x {0} and such that H y 
is defined by the convolution integral: 

H y^y)--=hSZ { x -t? + y^ mdt (101) 

in 3? x (0, oo). Observe that H y (x,y) is bounded, K-periodic (in x), continuous 
in 3i x [0, oo), and harmonic in 3i x (0,oo). Also H y = G y in 3i x {0} and 
\H y — G y \ < C on B x {i} for some constant C, from which it follows that 
\H y (x, y) — G y (x, y)\ < 2Cy in 3? x [0, i] by the maximum principle. Therefore, 

\(G(x, b) - G(x, a)) - (H(x, b) - H(x, a))\ < C{b 2 - a 2 ) (102) 

for any a;€S and < a < fe < i. By integrating (|101j) over y e [a, 6] C [0, 1/2], 
we get 

1 r°° ( (x- t) 2 + b 2 \ 
H( X , b) - H(x, a) = - J ^ In [ \ x J )2 + a2 ) m *, 

from which it follows (see Remark l3.10|) that 

r T+K at /m\ n r°° f r 2 + h 2 \ N 

J \H(x,b)~H(x,a)\ N dx< ( — J J [in^^J dx ( 103 ) 

for any N > 1. By substituting (| 103[) into the series expansion for exp (H{x, b) — 
H(x, a)), we see that 

J + (e(H(*,b)-H(x, a )) _^j dx < 7 ( Mj flj ^ ( 104 ) 

where 

I(M, a, b) := 
By substituting (fT02|) into (fTM)) . we find that 

nvt/(p Q )| 2 




r n V |V(7(p b 



(105) 

for any < a < b < 1/2, where j = y— 1, and where, for any fixed a € (0, 1/2], 
p Q := _F(x + j'a) is the K-periodic mapping of the line 3? x {a} onto the level 
curve of Ui{p) = Ui(T;p) at altitude a, and the arc r Q is one P-period (in a;) of 
the image of that mapping. At this point, one can see that if T is not analytic, 
then r can be approximated by sequence of analytic curve-pairs in X having the 
same total-curvature bounds, and that the estimate f|105[) follows in the limit. 
We now reintroduce the parameter e <E S. The assertion (|100[) follows from 
(|105[) by setting Ui = U e s, a — 5s, and b = e, and by observing that (a) the 
constant C — C E can be chosen independent of small e £ S, and (b) \WU e ^{p)\ 
is bounded above on T e :— {U £ ^(j)) — e}, with an upper bound independent of 
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small e G S (see Lem. 12.26( a)), and (c) I(M, §e, e) is bounded from above as 
£ -> 0+ for fixed <5 G (0, 1) and M g 3?+. 

Proof of Thm. 13.91 In addition to the notation in the statement of Thm. 
13.01 we also assume that r £ — > T = (ri,r 2 ) G T as £ — > 0+ in S, where S 
denotes a positive, countable subset of (0, 1/2], with sole accumulation point at 
0, and where T e = (r e) i,r ej 2) G T £ is a "fixed point" of one of the operators 
for each e G S. In addition to the notation in the statement of Thm. 
13.91 for any e G S, we define the "full domains" il £ := fi(r E ), the capacitary 
potentials U £ ^{p) :— Ui(T £ ;p) : Cl(f2 E ) — > 3?, and the "half-domains" Q £i i := 
{p G n £ : U e ,i(p) < 1/2} and "center arcs" f E := {U Sti (p) = 1/2}. For e e S 
and S G (0, 1) we define the arcs T Bi s t i := 3? E( 5,i(r E ) = {U £ s{p) — sS}, the full 
domains tt £ ,s,i '■= {p G f2 E : U £t i(p) > sS}, the harmonic mappings U £t s,i(j>) '■ 
Cl(Tt St s,i) —> 3? such that U e< s,i(p) ■= ((U £i i(p)—eS)/(l — 2s8)), the half domains 
&e,d,i '■= {e^ < U £: i(p) < 1/2}, and center arcs T £ , 

In the notation of the proof of Lem. 13.21 the function E £ fl{z) := ln{e/\g e (f e (z)+ 
s) — z ) is harmonic for sufficiently small e G S. It follows that the continuous 
function 

e » := ln(e/|n e , i (p) - p |) : C1(Q M ) -> 3? (106) 

is harmonic in the domain f2 Ei j := {p G f2 £ : U £t i{p) < 1 — e} for any sufficiently 
small £ G 5, where for each p G f2 e ,», II Ei j(p) denotes the point of intersection 
of the arc of steepest ascent of U £: i through p with the level curve of U £: i at 
the altitude U E i(p) + e. In view of this definition, it follows by Prop. 13.71 
and Cor. 13.81 (especially Eqs. and (pj)) . where \p £ ,s,i{ s ) — Pe,s,i{ s )\ — 

|n El i(p E) a,j(s)) -p e ,s,i(s)\ for all s G 3?) that 

< |n E>i (p) - p| - dist(p, f e>Sli ) < ferity) = e *e,«,i(p)i ( 107 ) 

uniformly for all p G and all sufficiently small e G S and <5 G (0, 1), where 

the measurable functions z £ _s,i(p) ■ ^ £ .s,i — >• 3? satisfy 

< z e ,s ti (p) < Ci in r Ei<M and / *e A< (p) < My/e, (108) 

and where Ci and M denote uniform constants independent of sufficiently small 
£ G S and S G (0, 1). (Here the arc integral refers to one P-period (in x).) 

We have (i) ai(p) distfp, T £ .i) — e for all sufficiently small e G S and all points 
p G T M (see Thm. [2"32l Eq. flU). Therefore, for any fixed value (5 G (0,1), 
there exists a value 77 = rj(S) > so small that 

o*,i(p) dist(p,f M ) < £ (109) 

uniformly for all sufficiently small s G S and all points p G T £t s,%, where we 
define as,i(p) := ry(5)aj(p) throughout 3? 2 . For the remainder of the proof, we 
choose the value rj = r)(S) (corresponding to any given value S G (0, 1)) to be as 
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large as possible subject to the requirement that (I109[) holds for all sufficiently 
small e £ S and all p € T £i g,i- Toward an upper bound for rj(5), given any 
point p G T £i s.i, we choose the point q = q £ .s,i(p) G r £ .i such that p and q 
both lie on the same arc of steepest ascent of the function U e .i. By Cor. 12.311 
there exists a positive constant C, independent of small e £ S, such that (ii) 
\Qe,S,i(p) — p\ < {eS/C). By using (|109[) . (i), and (ii), we see that 

£ > as t i(p)<tist(p,r e> i) > a s> i(p)(dist(q,T Sii ) -\p- q\) (110) 

^as^de/aiiq^-ieS/C)) 

for all p € T^^^, where g = q s ,s,i(j?)- It is easily seen that if Eq. (|109|) . and 
therefore (1110[) . is satisfied for all sufficiently small e £ S at a particular value 
(5 € (0, 1) such that a,i(p) S < A5 < C for all p £ T Et i, then we have that 

/W =-*>+ Va i (p)[C'-a < (< M , i (p))5p - C-ai(p)6 - C-A5' V ; 
for the same constant C > 0. 

Due to the fact that the function (f> e> i(p) ■ Cl(f2 e ,j) — > 5ft defined in ([55]) is 
harmonic in fi e j, the related continuous function 

^ Ai (p) := In ( £ r J : Cl(fi eAi ) -> 5ft (112) 

\%AHP)| n <MU?) -P|/ 

is harmonic at least in the domain Cl St s,i, where we define the continuous function 
a £ ,s,i{p) '■ Cl(f2 e ,5,i) -> 5ft such that a e ,j,i(p) = a$,i(p) := r q{5)a i {p) on <9fi e ,<M 
and ln(a Ei 5,i(p)) is harmonic in tl £y s,i- (Here, the value S € (0,1) is fixed and 
sufficiently small, and rj(S) satisfies (fTTT]) .l It follows from (fT07|) . ([105]) , (TTM)) . 
and (|112[) that ^^(p) II Sj i(p) — p < (l + a e ,g t i(p) z E ,s,i(p)) e, and therefore that 

<Pe,s,i(p) > ln(l/(l + a s< i(p) z e> s,i(p)) > -as,i(p) z £ ,s,i(p) (H3) 
both for all points p £ r^j. We also consider the continuous function 

il> e ,s,i(p) := <t>e,sM + 2 C e , S ,i U eM (p) ■ Cl(fl e , 5<i ) -> 5ft (114) 
(harmonic in O e where we define 

U £Ai (p) ■= (2(^,i(p) ~ £<5)/(l - 2e<*)) , (115) 
VC/^fo) - (2Vtr e(< (p)/(l - 2eS)\ 
and where we use the constant C e> s,i to denote the least value such that 

C e , s ,i > -cj> E , s ,i(p) = In((oj,i(p)|n C) <(p) -p\)/s) (116) 
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uniformly for all p £ T e . Then we have 

4>e,S,i(p) > on f e ; 1p e ,6,i(p) ^ ~ a sAp) z e,S,i(p) on r c,S,i, (H7) 

due to (fTT5jl . (mm, pT5]) . and ([TIB . 

We also introduce the P-periodic (in a;) Green's function G e ^,i(po,i,q) > for 
the Laplace operator in the P-periodic domain f2 e) { j. For any specified point 
Po,i € ft% and value p > such that Cl(P p (po,i)) C f2i, and for any sufficiently 
small values eeS and 5 £ (0, f) (so small that Cl(P p (po,;)) C & e ,6,i), we use 
G e ,8,i{po,i,q) to denote the unique P-periodic (in x) continuous function of q in 
Gl(Cl et s,i) such that 

oo 

A q G £ j4 Po , l ,q)+ S(q- POti -n(P,0)) = 

n= — oo 

in Ei 5 ; j and G e ,«,i(po,i) = for all g £ c?ri e ^.i. where S(-) denotes the Dirac 
delta function. We also use C p (po,i) to denote a positive constant such that 

G £ ,8,i(po,i,q) < G p (p 0: i) U e>St i(q) (118) 

for all q £ dQ p (po t i), and uniformly for all sufficiently small values e £ S and 
S £ (0,1), where we define the P-periodic set Q p (po,i) := ( U^L-oo B p (po,i + 
n(P, 0))). Since both sides of (|118[) are harmonic functions in fi ej j,i \ Q p (po,i) 
which vanish on F St s,i, and since G et s,i(po.i,q) = < U St s,i(q) = 1/2 for all 
q £ r e , it follows that the inequality (I118[) holds throughout q £ fi e ,a,< \ Q p (po,i) 
by the maximum principle. Therefore, we also have 

\V q G e , s ,i(pa,i,q)\ < C p (po, ( ) | VC/ e , 5 ,,(g)| (119) 

= (2C p (po,i)/(l-2eJ))|VCr e>< (g)| 

for q e r e! 5^. Since ipe,8,i(q) is harmonic throughout Og^j, it follows from 
Green's second identity that 

1pe,S,i(p0,i) = (dG £ ,s.i(PO,i,q)/dv q )lpe,S,i(<l) d Se,S,ii ( 120 ) 

where il e ,8,i refers to one P-period (containing the point po,i) of the correspond- 
ing P-periodic region, and djdv q refers to the normal derivative at q £ dQ^gj 
in the direction of the interior normal vector. Since {d/dv q ) G £t s,i(po,i, q) — 
|V 9 G et s,i(po,i> q)\ > for all q £ T Et s,i U f e , it follows from (I120p via the in- 
equalities (ITT7I a.b) and (1TT9")) that 



Tpe,8,i{P0,i) > - 




V q G EiS ,i(po,i,q)\ a s ,i(q) z Ei 8,i(q) ds e< s,i (121) 



46 



> 



> - (2C p (p 0ji )/(l - 2eS)) I |V, I7 e (g) | aj,<(g) a^fa) da*,*,, 



1 - 2e<S 



where all the arc integrals are restricted to one P-period (in x) and the final 
step in (|121[) is based on the Schwartz inequality. 

Finally, we observe that the first integral in the final line of (|121[) remains 
uniformly bounded as e — > 0+ provided that the constant 8 £ (0, 1) is sufficiently 
small (see Lem. 13.111 Eq. (|100p ). while, concerning the second integral, we have 

a s ,i(p) = V (S) Oi(p) < (CA/(C - A8)) 

in Sft 2 uniformly for all < 8 < min{l, (C / A )} (see (llll|) ). while it follows from 
(TPS)) that 

/ z\ Si (p)ds et s,i <Ci Z e . S ,i(p)ds £ ,5,i < CiMy/e, 

uniformly for sufficiently small 8 £ (0, 1) and e £ S. Therefore, for any suffi- 
ciently small 8 £ (0, 1), the second integral approaches as e — » 0+ relative to 
S. For any specified point po.i £ we abbreviate Eq. (|120[) to state that 

where £(e, 5, i) — > as e — > 0+ relative to 5 1 for any fixed, sufficiently small 
value 8 £ (0,1). By substituting the definition of the function ip St s,i(p) (see 
(|113[) , (|114l) . (|115p . and (|116[l ). we obtain the equivalent inequality: 

> a e .s, l (po,i)exp(-2Ce,s,iU e .8,i{Po,i)) exp(-C(e,<5, i)), (122) 



|n e ,i(p ,i) -po 

valid for any point po,i € Oj if £ e S is sufficiently small (depending on po,i)- 
We have that U Ei s,i(p) Ui{p) and VU ey s,i(p) — »• VZ7j(p), both in any compact 
subset of as e — » 0+ relative to S (see Def. 12.331 and Thm I2.34)) . while, by 
the Theorem of the mean, we also have for any point po.i £ Hi that 

(e/|n e ,i(po,0-po,i|) < \VU Sti (p* ,i)\ 
for some point Pq i in the line-segment joining po,i to H £y i(po y i). In view of this, 
it follows from (jl22j) in the limit as e — > 0+ relative to S that if 8 £ (0, 1) is 
sufficiently small, then 

|Vf7i(po,i)| > O5,i(po,t) exp( -2(7^^(^0,1)) (123) 
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throughout fii, where, in terms of notation introduced in the statement of Thm. 
13.91 we have set <id,i(3Po,i) = <iiipo,i) m Hi ( m terms of notation introduced in 
the statement of Thm. 13.91) . and where exp(C ei gA — > exp(C$.i) = ri(5) exp(C;) 
as e — > 0+, where we define C, such that exp(Ci) := sup { (ai(q)/\ \7Ui(q) |) : 
<7 G f}. For p near in fii, the inequality (I123[) reduces to 

\VU t (p)\ > ctiip) - z(dist(p,r i )), (124) 

where z(t) -I as f -> 0+, while, relative to the arc T, (|123p reduces to the 
inequality: 

\VUi(p)\>ai(p)exp(-Ci)=&i(p) inf {|VUi(p)|/ai(p) : p G f } (125) 

Since ln(|V£/i(p)| /ai(jpj) is harmonic in Qi, it follows from (|124[) and (|125[) by 
the maximum principle that Eq. (|97[) holds, as was asserted. 

3.4 Existence of classical solutions for Probs. 11.11 and 12.21 

Theorem 3.12 (Extension of Thms. \1.5\ and \2.4\ existence of classical solu- 
tions between strict lower and strict upper solutions) In the context of Prob. \2.2\. 
let be given a strict lower solution (or sub-solution) T G X l~l C 2 and a strict 
upper solution (or super-solution) T G X l~l C 2 such that T <T. Then: 

(a) There exists at least one weak solution T = (ri,^) G !F such that T <T < 
T, and such that, for i = 1,2, the arc-length per P-period and total curvature 
per P-period ofTi are both bounded by M (i.e. \\Ti\\ < M and K(Ti) < M), 
where M denotes a constant depending only on A, A, Ai, A 2 . 

(b) Any weak solution T with the properties in Part (a) is a classical solution in 
the sense that T — (Ti,T2) G XnC 1 and that, for the function U{p) := U(T;p), 
the derivative Vi7(p) has a continuous extension to the closure of fl := Cl(T) 
such that |VJ7(p)| = cii(p) point-wise in Ti,i = 1,2. 

Proof. In the context of Def. 12.91 it follows from Thm. 12.181 (see also Thm. 
|2~T61 Thm. EUc)), Eq. ([232)1 and Lem. [2321 Eq. (j47j)) that there exists a 
constant M such that for any sufficiently small value e € (0, e%], the operator 
T £ (denoting either T+ or Tj) has a fixed point T £ — (T £ ^,T e ^) G Y such 
that \\T £il \\,\\T £t 2\\,K(T £tl ),K(T ei2 ) < M. In view of this, it 'follows from 
Thm. 12.341 that, given any null-sequence (e(n)) n l of values in (0,£i], there 
exists a subsequence (e(n(fc)))^ 1 of the natural numbers such that the pairs 
Tfe := r„(fc) G Y converge as k — > oo to a weak solution r G Y. In view of Thm. 
I2TTB1 Thm. Oimplies that limsup p _> p . \VU(p)\ < a^pi) for p G ft and i = 1,2, 
and Thm. 13.91 implies that lirninf p _y Pi |Vt/(p)| > ca(pi), for p G f2 and i = 1, 2, 
where U(p) := U(T;p) in Cl(fi). The smoothness of T follows from Thm. 13.131 
below. It also follows from Thm. l2TT8l> ) that ||Fi||, \\T 2 \\, K(Tx), K(T 2 ) < M. 

Theorem 3.13 (Uniform curvature bounds for solutions) For any given clas- 
sical solution r = (ri,r2) of Prob. \2.2\ (which exists by Thm. \S.12]) . let 
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U(p) = U(T;p) denote the capacitary potential in the closure of the domain 
n := 0(r). Then |V(ln(|VZ7(p)|)) | < U and | V(arg(VZ7(p))j | < L , both in 
fl := 0(r), where the bound Lq depends only on A,A,A\, and A2, in fact we 
can choose: 

L =\n(A/A) + (A 1 /A) + (2A(AA 2 + A\)) / A 4 ). (126) 

It follows that the conjugate harmonic functions: ln(|VJ7(p)|) and arg(VJ7(p)), 
are uniformly Lipschitz- continuous in C1(Q), with the same Lipschitz constant 
Lq (Here |Vt/| = cii(p) on Ti.) In particular, the curvatures of the level curves 
T a := {U(x) = a}, a £ (0, 1) are uniformly bounded independent of a £ (0, 1), 
and the same curvature bound (dependent on A, A, A\, and Ai only) carries 
over to the directed boundary arcs Ti,^. 

Lemma 3.14 (Boundary derivative estimates) (a) For any classical solution 
r £ X of Prob. \2.S\ and any continuous function f(p) : Cl(f2) — > !ft (where 
Q := Q(T)), the solution </>(p) of the Dirichlet problem: Acf>(p) — f(p) in fl, 
cf>(dn) = is such that \<f>(p)\ < (\f\/2A 2 ) and |V0| < (2A\f\/A 2 ), both m n, 
where \ f\ := sup{|/(p)| : p £ ft}. 

(b) Let 4>{p) solve the above Dirichlet problem, where f(p) > e for some e > 0. 
Then |V0(p)| > {Ae/Al 1 ) for all p £ dfl. 

Proof. We map fi conformally onto the strip (0,1) x !ft under the analytic 
mapping: w = u + jv = F(z) = U{z) + jV(z), where V(z) is the harmonic 
conjugate of U := U(T; z) in SI. We define the function ib(u, v) : (0, 1) x !K — » 5ft 
such that 4>{z) = tp(F(z)) in Q. Then 

|V^| = (|V^|/|F'(2)|), (127) 

f(x, y) = (d 2 x + d 2 ) <j>{x, y) = \F'(z)\ 2 (d 2 u + d 2 ) ifi(u, v), (128) 

where 

< A < \F'(z)\ < A (129) 

in Jl (by the maximum principle, since ln(|f |) is harmonic in f2 and (|129[) holds 
on dil). By (|127[) . (II 28[) . and maximum principles for the Poisson equation, we 
have 

\i/>(u,v)\ < y(v,,v) := (\f\/2A 2 )u{l-u) (130) 

in (0, 1) x ?ft. The first estimate in Part (a) follows from this. Also, it follows from 
(|130p and a gradient estimate for solutions of the Poisson Equation: Aip = g 
(namely |W(«b)| < (2^2/r) sup{|^(z)| : \z - z \ < r} + {r/2y/2)\g\; see [GT], 
Sect. 3.4, p. 37) that \V w ^{u,v)\ < (|/|/2A 2 ) uniformly in (0,1) x 8?, from 
which the second estimate in Part (a) follows by (|127p and (|129[) ). 

Remark 3.15 (Strengthening of Thm. \3.1[ ) After the estimates J-^ffi ) and J^ff[ ) 
have been proved, it follows from them that for any weak solution T £ J- of 
Prob. ULl we have \VU{p)\ < A in ft := ft(r), since \VU(p)\ = \VU(T;p)\ is 
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sub-harmonic in f2. Also, &i(p) > A in &i, since ln(a.;(p)) is harmonic in tli 
and the same estimate holds on dQi. In view of this, we can actually choose 
Ci := hx{A/A) in |^ff| ). Thus, the estimate J^ffi ) is improved to state that 

ln(\VU(p)\/ ai ( P )) < 2ln(A/A) U t (p) < 2Alxx{A/A) distfer,) (131) 

in Oj = {Ui(p) < 1/2} for any weak solution T G J- . 

Proof of Thm. 13.131 To obtain uniform upper bounds for | V(ln(|VL^(p)|)) , 
i = 1, 2, we estimate the terms in the obvious inequality: 

|V(ln(|VI7i(p)|))| < |Vln(|Vl7 4 (p)l/ai(p))| + |V(ln( ai (p))| + |V&(p)|, (132) 

relative to Oj := {p G Q : £/i(p) < 1/2}, i = 1,2. Here, we define the func- 
tion: := ln(aj(p)/aj(p)) : Cl(fij) — > 3?, where aj(p) : Cl(fij) — > 3? denotes 
a logarithmically harmonic function which coincides with ai{p) on <9f2i. Con- 
cerning the first term on the right side of (I132[) . it follows from (I131[) by a 
standard derivative estimate that |V(ln(|Vf (p)|/aj(p)))| < \xx{A/ A) near Fj 
in n, i — 1,2. For the second term, we have |V(ln(oi(p))| < {Ax /A) in 3? 2 
by assumption. For the third term, we observe that (f>i(p) solves the Dirichlet 
problem: A0j(p) = fi(p) := A (ln(ai(p)) in f2, (j>i(d£li) = 0. Therefore, it 
follows from Lem. 13. 141 that 

\V^{p)\<2(A/A 2 )\f l \<2{A/A i ){AA 2 + Al) 
in fij. The assertion (| 126[) follows by substituting these three estimates into 

(S3. 

3.5 Uniform C 3 '^-continuations 

Theorem 3.16 (Smooth uniform continuations of capacitary potentials of so- 
lutions of Prob. \2.2\) Given g G (0, 1], let SOl(g) denote the family of all classical 
solutions r = (ri,r2) G X of Prob. \2.2\ corresponding to a family of functions 
ax(p),a,2(p) G <A. Q , and whose A. g -norms are uniformly bounded from above by 
a single value B. Then: 

(a) The set of all periodic conformal mappings w — F(z) of the strip ZJ := 
[0, 1] x Jf onto the closed regions Cl(fi(r)), T G 9Jt(f?) is uniformly bounded in 
the C 3,B (ZJ)-norm (for some value g G (0,g\), and they can, therefore, all be 
continued as C 3 '^ -functions to a single wider strip ujg :— (—5, 1 + 5) x 3? (where 
5 > 0), in such a way as to remain uniformly bounded in the C 3 ' e -norms on 
us. 

(b) Let 9JI* (g) denote the sub-family of pairs T G £DT(f?) such that \pi(t) — 
Pi{ T )\ ^ ~ T \) f or i — 1,2 and all t,T G 3?, where (So *s ony fixed positive 
constant, rj(t) := min{l,t}, and Pi(t) : 3? — > Ti, i = 1,2, denote arc-length 
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parametrizations of the corresponding arcs Ti . Then there exists a value 5 > 
so small that the continued functions w — F(z) map the strip u$ invertably 
onto the extended regions fl$(T) in such a way that the inverse mappings z = 
F^ 1 (w) : fl$ (r) — > lu$, r g VUl(g) are also uniformly bounded in the C 3,e -norm. 
The continued capacitary potentials U(p) = U(T;p) : Q$(T) — > (—6,1 + 5), 
r £ Wl*(g), defined such that U(p) := Re(F _1 (z)), are also uniformly bounded 
in their respective C 3,e (Q$(T)) -norms. 

Lemma 3.17 Given any functions fi £ C 1,e (3fJ), i — 1,2, such that \ f?\ < 
M and \fl(xi) — //(a^)] < L \xi — X2\ e for all x\,X2 £ 3ft (for some constants 
M, L £ 3?+ and g £ (0, 1]), let U[x, y) : Cl(w) — > 3? denote the bounded solution 
of the Dirichlet problem: AU = inu) := 3fix(0, 1), U = fi on^i, i = l,2 (where 
71 = 3? x {0}, 72 := 3? x T/ien there exist new constants M*,L* £ 5i + 

and G (0, g) such that 

\VU(p)\<M*; \VU(p)-VU(q)\<L*\p-qf, 

both for all points p,q £ Cl(w). (In fact one can first choose g* arbitrarily 
close to g in (0, g), and then choose < M* = Cq(M + (L/ g)) and < L* — 
Ci((M + (L/(g— g*))) , where C$,Ci denote universal constants. 

Proof outline. Under the assumptions, we have \U x (x,y)\ < M and \U x (x + 
h,y) — U x (x,y)\ < L\h\ e , both for all (x,y), (x + h,y) G uj, since the left sides 
are continuous in C\(ui) and sub-harmonic in lo, and since the same inequalities 
hold on doj. Therefore \U x (x + h, y) - U x (x, y)\ < (L + 2M)\h\ e * for (x,y),(x + 
h,y) £ 3? x [0,1] and g* £ (0,g), as follows directly if \h\ < 1, and from: 
\U X \ < M otherwise. For the proof of the remaining estimates, we observe that 
U(p) = U\(p) + U2{p), where U\ (resp. U2) solves the Dirichlet problem in the 
case where f2{x) = {fi(x) =0). It suffices to consider only the first case, for 
which we set f — fi and U :— U\. For this case, the solution of the Dirichlet 
problem is given (for < y < 1) by the convolution- integral formula: 

U(x,y)= / K{t,y)f(x-t)dt, (133) 



where the kernal is the harmonic function: K(x,y) = i(sin(2ay)) / (sin 2 (ay) + 
sinh 2 (ax)) = (l/7r)(9/9y)(Re(ln(sinh(az))), in which a — n/2. One can show 
by applying parameter differentiation and integration by parts to (|133p . that: 



U x (x,y)-f'(x) = K(t,y)(f'(x-t)-f'(x))dt, (134) 

J —OO 

p OO 

U v (x,y)=-2f(x)+ (k(t,y)+ S iga(t))(f'(x-t)-f'(x))dt, (135) 



U y {x,y)-U y {x,{))= (K(t,y)-K(t,0))(f'(x-t)-f'(x))dt, (136) 
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all for < y < 1, where (fTM| . (fT5^|) follow from (flUB")) . p^5)l . respectively, and 
where f|135[) . with y — 0, defines the function U y (x, 0) : 3? — > 3i. Here we define 
K(x,y) :— {d/dy) J* K(s,y)ds = — ((smh(ax)cosh(ax)/(sinh 2 (ax)+sin 2 (cry)), 
K(x, 0) = — coth(ax), and i<f (x, y) — i<f(x, 0) = coth(ax)(sin 2 (ay)/(sinh 2 (ax) + 
sin 2 (aj/))). Under the assumptions, one can show by estimating the singular 
integrals (HMD, CESS), and (H31J) that \U y (x,y)\ < C (|/| + |/'| + (i/p)) for 
y = 0, and that \U x (x,y + h) - U x {x,y)\,\U y (x,y + h) - U y {x,y)\ < d ((L/g) + 
\f'\)\h\ e , both for y = and < 1, where Co,Ci are constants independent 
of i, Af, g. The first inequality holds for all (x, y) E 3? x [0, 1], as one sees by 
odd continuation of U across 72 (where U = 0) and the maximum principle 
(since the left side is bounded and sub- harmonic) . For any fixed < h < 1, 
the second and third inequalities also hold for all (x,y) G 3i x [0, 1 — h], by 
the same odd continuation argument. Similarly, a double application of (I135[) 
yields a formula for U y (x + h,0) — U y (x,0), which one can estimate to show 
(after increasing C\ if necessary) that, for any given h G [— 1, 1] \ {0}, we have: 
\U y (x + h,y)- U y { Xl y)\ < Ci(|/'| + (L/g) + L\n(l/\h\))\h\e for all z e K, 
provided that y = 0. This inequality extends to (x, y) £ Jfx [0,1] by odd 
continuation (of U across 71), since the left side is bounded and subharmonic. 
Finally, for h E [-1, 1] \ {0} and < g* < g* + 5 = g, we have \U y (x + h,y) - 
U y (x,y)\ < C x (|/'| + {Lie) + {L/e{g- g*)))\hf for all (x, y) £ $x [0,1], 
since |/i| 5 ln(l/|/i|) < (1/eS). Finally, the same inequality holds for \h\ > 1 after 
suitably increasing C\ while keeping Co fixed. 

Proof of Thm. 13.161 Part (a). As in the proof of Lem. 13. Ill for any 

g E (0, 1] and any classical solution T E 901(g) of Prob. 12.21 let w = F(z) 
denote the corresponding periodic conformal mapping of the strip ZJ := C1(cl>) := 
3? x [0, 1] onto Cl(f2(r)). (The term "admissible" expresses a correspondence of 
the mapping w — F(z) to some arc T E Wl(g).) For any admissible function 
w = F(z) and any z E SJ, we have that 

(1/A) < \F'(z)\ = (l/\VU(F(z)\) < (l/A). (137) 

We have that (i): 4>(x, y) = A(F(x, y)) in 3? x {0, 1}, where we define (f>(x, y) := 
ln(|F'(x,y)|) in 3? x [0,1] and A(p) = (l/a(p)) = (l/a t (p)) on T, for i = 1,2. 
By differentiating (i), we determine that (ii): (f> x (x,y) = A' (F(x,y))F x (x,y) in 
3?x {0, 1}, from which it follows that if A' is uniformly bounded and the function 
F x (x,y) is in C e (3? x {0,1}), then the function <p x (x,y) is in C e (3i x {0,1}). 
It follows by Lem. [3~T71 that the function V<p(x,y) is in C d (JR x [0,1]) for a 
smaller value g E (0, 1], and therefore, by the Cauchy-Riemann equations, that 
the function V(log(F'(x, y))) is also in C^(3? x [0, 1]). Finally, one shows using 
(TUTT)) , that V(F'(x, y)) is in C d (dt x [0, 1]), and therefore that all second order 
partial derivatives of F(x,y) are in C^(JH x [0, 1]), completing the first cycle of 
the argument. 

At this point, it follows from (ii) by differentiation that (iii): 4> xx (x,y) — 
D X (A'(F)F X ) = A'(F)F xx (x,y) + A"(F)F* in 3? x {0,1}. Since A' and A" 
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are uniformly bounded and the functions F x (x,y) and F xx (x,y) are both in 
C^(!K x {0, 1}), it follows from (iii) that the function 4> xx (x,y) is in C^(JR x 
{0,1}), from which it further follows by Lem. 13.171 that (d/dx)V4>{x,y) is in 
C^(!ft x [0,1]) for some value g € (0, g], and then by the Cauchy-Riemann 
equations that first the function (d/dx)X7(\og(F'(x, y)) is in C^(!R x [0,1]). 
Finally, it follows by applying (|137j) that the function (d/dx)V(F'(x,y)) is in 
C^(5R x [0,1]). Therefore, all third-order partial derivatives of the function 
F(x,y) are in C^(3? x [0, 1]), completing the second cycle. 

A closer look at the same steps (especially the applications of Lem. I3.17|) shows 
that the family of all admissible functions w = F(z) is uniformly bounded on the 
C 3 '«?-norm m sjj x [q, 1]. The remaining claim about uniform C ^-continuations 
of admissible functions F to u>s now follows by a well-known result (see [GT], 
Lemma 6.37), which states that if U G C 3 '^(w), then U has a continuation to 
C 3 'Q(ojs) such that the C 3 '^(uJs)-norm of U cannot exceed the C 3 '^(w)-norm 
of U multiplied by some value depending only on S. 

Proof of Thm. 13. 161 Part (b). We restrict attention to the continuation 
across the corresponding boundary components 5ft x {0} and Pi. Given an 
admissible transformation w = u + jv = F(z) = 4>{z) + jtp(z), (corresponding 
to r G DJI*(q)), let w = F(z) also denote the continuation in ojg. In view 
of the uniform bounds for the C 3 '^-norms of the continuations to ojs () of the 
admissible function F, it follows that there exist a constant 6± € (0, Sq) such 
that (F(z)-F(zo)) = (z - z )(F' (z ) + E(z , z)) for any z € 5Kx {0, 1}, where 
E{zq, z) is a remainder term such that E(zq, z) — > as z — > zq. By subtracting 
the remainder formulas in the cases where z = z\ and z = Z2 and applying 
the estimate in (I13T[) to the result, one sees that there exist positive constants 
S 2 E (0, Si) and < C± < C 2 < oo such that 

CiV(i-T) 2 + (a-/3) 2 < \F(t, a) - F(t, (3)\ (138) 

for all t,T,a,(3 g 5ft such that \t — t\ < 8 2 and |a|, |/3| < S 2 . By assumption, 
there is a value £ > such that \F(t, 0) - F(r, 0)\>e rj (\t - r|) for i, r e 5ft, 
where we define T)(t) := min{t, 1}. Therefore 

\F(t,a)-F(r,p)\ > \F(t,0) - F(t,0)\ (139) 

-\F(t,a)-F(t,0)\-\F{T,P)-F{T,0)\ 

> (So V (\t - t\) - 2C 2 S > {<£o/2)y/(r,(\t - r|)) 2 + {a - /3) 2 

for all t, r, a, /3 € 3? such that |t— -rj > 5 2 and |a|, |/3| < 5 := mm{<5 2 , (€ /(4C 2 + 
<£o))}- By ([Tggjl and ([T3U1) . there exists a value M := (l/min{Ci, € }) such 
that for all admissible F, the restrictions of the mappings F{z) to 3? x (—6, S) 
are all one-to-one mappings of 5ft x (—6, S) onto the M(5-neighborhoods of the 
corresponding arcs Ti. It follows from this that if f2<5(r) denotes the union of 
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f2(r) with the M^-neighborhoods of the arcs i = 1,2, then the functions 
w = F(z) : W5 — > Qs(T) are one-to-one, and therefore globally invertible, since 
their restrictions w = F(z) : ZJ — > Cl(f2(r)) were already known to be globally 
invertible conformal mappings. It follows from all this that the inverse mappings 
z = G(w) := F^ 1 (w) : fl$(T) — > u>g are all Lipschitz-continuous functions with 
Lipschitz constant (1/M), whose domains contain M<5-neighborhoods of the 
arcs Ti, i = 1,2, and which are uniformly bounded in the C 3 ' e -norm relative 
to the (<5/M)-neighborhood of f2(T). In view of this, the assertions of Thm. 
I3.16f b) hold, and the assertions regarding the uniform continuations of the 
capacitary potentials U(Y;p) follows from this by defining U(z) — Re(F _1 )(z) 
for F corresponding to T. 



4 Qualitative properties of solutions 

4.1 Main results 

Chapter^ for which this section serves as the summary of main results, is mainly 
in the context of the double- free-boundary problem relative to a logarithmically- 
subharmonic "valley" G of a single flow-speed function a(p) : !ft 2 —> 5R + (see 
Prob. I4.3|) . The main topics include existence, non-existence, and local unique- 
ness of classical solutions (Thm. 14.51 Thm. 0~4] and Thm. I4.8j) . A related 
topic concerns the existence of continuously and monotonically varying solution 
families, as defined in Def. 14.91 In fact these solution families can be made the 
basis for an alternative local uniqueness proof (see Thm. 14. 15|) . Our alternate 
uniqueness assertions follow from this via Thms. 14.101 and !4. 151 and Cor. I4.16[) . 

Problem 4.1 (Double- free-boundary flow problem with two flow-speed func- 
tions in a periodic strip-like region) In the context of Prob. \2.2l let be given 
a simply- connected, P -periodic (in x), strip-like domain G having interior and 
exterior tangent balls of uniform radius at all boundary points. We use d + G and 
d~G) to denote the upper and lower boundary components of G, respectively, 
both of which are in X. We also use X(G) (resp. X(G)) to denote the set of 
all pairs T = (Pi,r 2 ) € X such that d~G < (<)Ti < T 2 < (<)d+G. Given 
the P-periodic (in x) flow-speed functions a\{p),a2{p) ■ 5i 2 — > 3?+, both in A,, 
we seek a pair T — (Ti, T2) G X(G) such that |VC/ (T; p)\ — a^(p) for all p G Ti, 
i = l,2. 

Problem 4.2 This refers to Prob. \2.2\ in the case where the functions a\(p) 
and a2(p) both coincide with a single P-periodic (in x) function a(p) : 3? 2 — > 5i+ 
in the class *A e for some g £ (0, 1). 

Problem 4.3 (Double- free-boundary problem in a strip-like domain with a sin- 
gle flow-speed function) This is a special case of Prob. \4-l\ in which the func- 
tions a\(p) and a2(p) both coincide with a single positive, P-periodic function 
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a(p) : 3? 2 — > 3?+, which belongs to the class JK. e for some g G (0, 1), and which 
is also logarithmically subharmonic in the region G. 

Theorem 4.4 (Non-existence of solutions of Prob. \4-l\l (a) In Prob. \4-l\ let 
Ai(G) := inf{oi(p) : p G G} and P,(G) := sup^tp) : p G G}, i = 1,2. // 
Ai(G) > -62(G) or A 2 (G) > P>i(G), then there does not exist any classical 
solution r 6 X(G). /n general, Prob. \4-l\ has no classical solution T G X(G) ai 
tfie vector A = (A X ,A 2 ) G 5?+ if A^G)^ > B 2 (G)\ 2 or A 2 (G)\ 2 > S 1 (G)A 1 . 

Pi Prob. \4-3\ no classical solution exists at A € 5i+ z/ (A3-i/Aj) < (^4/ A) 
/or either i = 1 or i = 2. 

Proof. Let T = (ri,^) G X(G) denote a classical solution at A such that 
Ai Ai(G) >\ 2 B 2 {G). Let cj>(p) := ln(Vt/(p)|) in Cl(fi), where C/(p) := t7(T;p). 
Then <^>(p) is a harmonic function in 51 := f2(r) such that inf{</>(p) : p € = 
inf {ln(A 2 a 2 (p)) : p G T 2 } > sup {ln(Ai «i(p)) : p € Li} = sup{0(p) : p € r x }. 
Therefore J Ki(p) ds — (f>u{p) ds > for i = 1, 2, where -fQ(p) denotes the 
signed curvature of Tj at p G , and where 7^ denotes one P-period of Ti . But 
this contradicts the P-periodicity of the curves IY The contradiction in the 
alternate case is similar. 

Theorem 4.5 (Existence of classical solutions of Prob. \4-l\ between weakly- 
lower and weakly-upper classical solutions) In the context of Prob. \4-l\ let be 
given a (weakly) lower (classical) solution T — (ri,^) G X(G) and a (weakly) 
upper (classical) solution T = (Li,L2) G X(G) such that T < T. Then there 
exists a classical solution T G X(G) such that T < T < T. 

Proof. We define the function-sequences (a n ,i)'^_ 1 and (a n ,2) _ 1 , in which all 
the functions are in the class A.] also such that a n ,i(p) — >• Oi(p) uniformly in any 
compact subset of 3? 2 as n — > 00, i = 1, 2, and, finally, such that for each n G N, 
we have (-l) l (a nil (p) - a;(p)) > in f j and (-1) 4 (a nyi (p) - a,(p)) < in f\, 
i = 1, 2, so that T (resp. T) is a strict lower (upper) solution of Prob. I4.1l relative 
to the functions a n ,i and a n 2 . By Thm. 13.131 for each n G N, there exists a 
classical solution r„ = (r n l ,r Tl 2) G X(G) of Prob. 14.11 corresponding to the 
new functions a„,x and a n> 2, such that T n < T n < T n . Moreover, by Thm. 13.131 
the curvatures of the arcs r n) i and r nj 2 are uniformly bounded over n G N , and 
we have A < \VU n (j>)\ < A and |V</>„(p)| < Lq, both uniformly in O n := Sl(T n ) 
and independent of n G N, where U n (p) := U(T n ;p) and 4> n (p) '■= ln(| VP„(p)|) . 
In view of this, one can conclude by passing to a subsequence (expressed in the 
original notation) that T n — »• T for some solution T G X(G). Clearly r < T < T, 
and r has the properties listed in Thm. 13.131 

Lemma 4.6 (Main curvature estimate for solutions of Prob. \4-$) For any pair 
A = (Ai, A2) G and any classical- solution-pair T — (Pi,r2) G X(G) PI G 2 of 
Prob. \4-S] o-t A, we have 

\K(p) - (d/dv)\n(a(p\ < (2HA\/A 2 X 2 ), (140) 
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pointwise on Ti, i = 1,2, where for p G Ti, we set v(p) := (S7U(p) /\\7U(p)\) , 
and we use K{p) to denote the counter-clockwise-oriented curvature ofTi at the 
point p £ Ti. Also, we set /i := ln(A 2 /Ai) and ~p := ln( A/A), and we assume 
for some constant H > that < Aln(a(p)) < H throughout G. Similarly, we 
have 

\K(p) - {d/du) ln(a(p)) | < A, a{p) \n\ + (2HAX/A 2 X 2 ) (141) 

for all points p G Cl(il(r)), where K(p) (resp. v) denotes the left curvature of 
(resp. the left normal to) the level curve of U through the point p G Cl(f2). 

Proof. We define the function (f>(p) := ln(|V[/(p)|/ X\a(p)) — ^U{p) in the 
closure of fl := Q(T). Then < -A(f>(p) = Aln(a(p)) < H in fl, and it follows 
from the fact that |VJ7(p)| = A^a(p) on Ti, i = 1,2, that (f>(p) = on dft. In 
view of this, it follows from Lem. I3.14f a) that 

|V0(p)| < (2HA\/A 2 X 2 ) = (2HAexp(jl)/A 2 \). (142) 

Now the inequality (|140l) follows from (1142)) in view of the facts that 

d(f)/dv = K(p) - {d / dv)\n(a{p)) -/j,dU/du (143) 

in C1(S7), and where dU(p)/dv = A^a(p) on Ti, i = 1,2. Similarly, the estimate 
(TilT]) follows from (fT42|) and (fT43|) . in view of the fact that \VU(p)\ <XA for 
all p G Gl(fi). 

Theorem 4.7 (Non-existence of classical solutions of Prob. \4-3\ at X) There 
does not exist any classical solution of Prob. \4-3\ at a pair A G 3?+ provided that 
/jXi > E or — 11X2 > E, where we define E := sup { (|Va(p)|/a 2 (p)) : p G G} > 
and n = ln(A2/Ai). 

Proof. Let T = (r x ,r 2 ) G X(G) denote a G 2 -solution of Prob. [O] at A 6 S^. 
In the context of the proof of Lem. I4.6| we define <f)(p) := ln(|V[/(p)|/Aia(p)) — 
/j,U(p). Then tfi(p) — on 9f2 and therefore tfi(p) > in ft (since A</> < 
there), from which it follows by (fT42j) that (-1)* (dcf)/ dv) = {-iy(K t (p) - 
(d I ' dv)ln(a(p)) — /iAia(p)) < on Ti for i = 1,2, where v is the left normal 
to T,. Therefore K x {p) > a(p)(/xAi - (| \7 a(p)\ / a 2 {p))) on T x and K 2 {p) < 
a(p)(^A 2 + (|Va(p)|/a 2 (p))) on T 2 . Since for any (P-periodic) classical solution 
r G X(G), the arc- length integral of the signed curvature Ki(p) over any one 
P-period (in x) of either of the component arcs Ti, i = 1,2, must vanish, it is 
impossible for a classical solution to exist if [i X\ a 2 (p) > |Va(p)| for all p G Li 
or if — /j, A 2 a 2 {p) > |Va(p)| for all p G r 2 . The assertion follows. 

Theorem 4.8 (Local uniqueness of classical solutions of Prob. Assume 
in the context of Prob. \4-3\ that the function ln(a(p)) : G — > 3? is strictly 
logarithmically subharminic. Then any two classical solutions Ti, T 2 G X(G) 
of Prob. \4-S\ must coincide, provided only that the corresponding stream-beds 
f2(ri) and 57(T 2 ) both contain the same curve 7 G X. 
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Proof. See Thm. |4~T51 



Definition 4.9 (Continuously-varying and monotonically- ordered families of 
solutions of P rob. \4-l\ ) Given the positive continuous functions ai(p) , a 2 (p) : 
$R 2 — > 5ft + and the continuous vector-valued function A(t) = (\i(t), X 2 (t)) '■ 3i — > 
3?+ such that 

\i(t) (resp. X 2 (t)) is strictly increasing (decreasing) in $ft, (144) 

we use the phrase "solution family" to refer to a mapping T(t) — (Ti(t), T 2 (t)) : 
/ — > X(G), defined in an open interval I , such that for each t E I, the curve- 
pair T(t) solves Prob. \4-l\ at A(t) G i.e., the capacitary potential U(t;p) :— 
U(T(t);p) in the closure of Q(t) :— il(T(t)) is a ^-function which satisfies the 
condition 

\V p U(t;p)\ = X t (t) ai (p) on (145) 

for i = 1,2 and ( £ /. TTie solution- family {T(t) = (Ti(t),T 2 (t)) : t G /} of 
Prob. \4-l\ is called "monotonically- ordered" (or perhaps '' elliptically- ordered") 
and "continuously-varying" if 

T a < whenever a < (3 in I, (146) 

— ^ r r as t — ^ t for any t e I. (147) 

Theorem 4.10 (Uniqueness of solutions of Prob s. \2.^ or \4-l\ viewed as 
members of monotonically- ordered, continuously-varying solution-families) Let 
be given a continuously varying, monotonically ordered solution- family {T(t) — 
(Tx(t), r 2 (t)) :tel} for Prob. O \KM orRTT] (see Def. gj5p. For some fixed 
value t (z I , let T denote any classical solution of |_?^5[ ) at t := r. Then T = T T 
provided that there exist values a,fi G I such that a < t < f3 and 

T a < f < I>. (148) 

Proof. For any a, (3 G /, let U a (p) := U(T a ;p), Up(p) := U{Tp;p), and U(p) := 
U(Y;p) in the closures of the annular domains ft a := ft(T a ), ftp := f^r^) and 
O := fi(r), respectively. By ()146|) . (|147[) . and (|148[) . there exists a maximum 
(resp. minimum) value a G / (resp. (3 G /) such that the first (resp. second) 
inequality in (|148j) holds. For maximum a G / such that T a < T, there exists 
a point p ai i G r a i n T%, or else a point p Ui2 G r Qi 2 H T2, or both. In the first 
case, we have U a (p at i)) — U(p at i) — 0, where U a {p) > U{p) > in Cl(Q a n f2) 
by comparison principles. In view of (|147[) . it follows from this that 

Ai(t) ai(p a ,i) = |Vt/"(p a ,i)| < |V?7 a (p a ,i)| = Ai(a)oi(p ,i)- 

Therefore, Ai(a) > Ai(r), which contradicts (|144l) if a < r in I. In the second 
case, we have U a (p a , 2 ) = U(p a ^) = 1, where E/(p) < £7 Q (p) < 1 in Cl(O a n fi) 
by comparison principles. In view of (|145j) . it follows from this that 

A2(t) a 2 (p a ,2) = \VU(p at 2)\ > \VU a (p at2 )\ = X 2 (a) a 2 (p a , 2 ). 
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Therefore \2(cc) < M(t), which again contradicts (|144[) if a < r in I. We 
conclude in either case that if a is maximum in / subject to (|148[) , then a > r. 
A similar argument shows that if /3 G I is minimum subject to (|148l) . then 
f3 < t. In view of (|144[) and (| 148[) . which together imply that a < /3, it follows 
that a = j8 = r and r = T T . 

Definition 4.11 (with application to Thm. \4- 15ty In the context of Prob. \4-S\ 

given a vector A = (Ax,A2) G 5i+ and a positive value po > 0, we use the 
notation 7?.(A; po) to denote the set of all solution pairs T G X(G) at A suc/i 
£/ia£ 

cap(ft) |m| < TT - po, (149) 

where cap(f2) := Ai J T a(p)ds = A2 J r2 a{p)ds denotes the capacity of one P- 
period (in x) of the domain f2 := n(r), and where we set p = ln(A2/Ai). Given 
a positive interval A + := [A, A] (where < A < A < 00 J, we use H(A + ; po) to 
denote the union of the sets 7?.(A; po) over all A such that Ai, A2 G A+ (compare 
to Thms. g3 and\4~T\j. 

Remark 4.12 Assume m the context of Prob. that the function a G «4.p 
is strictly logarithmically subharmonic in a neighborhood of C1(G). Let T = 
(Ti,^) G X(G) n G 3 ' e denote any classical solution of Prob. \4-3\ at the corre- 
sponding vector value A = (Ai, A2) G 3?+- TTiera /or any fixed value po G (0, w), 
the condition \14ty is satisfied if Ai and A2 are both sufficiently large, while also 
the related values X\\p\ and \2\p\ are both sufficiently close to zero. The proof 
follows from Thm. \5.19\ and other material in Section \5.4\ 

Definition 4.13 (with application to Thm. \4-15\ ) In the context of Prob. \4-3[ 

for any given vector A = (Ai,A2) G and positive scalar r > 0, we use the 
notation: <S(A;r) to denote the set of all classical solutions T G X(G) at A 
such that the positive flow-speed function a(p) : 3? 2 — > 3?+ in G 2 ' 1 is weakly 
logarithmically subharmonic in Q := f2(r), and is such that 

E(T) > r + vV + 1 - 1, (150) 

where p :— ln(A2/Ai) ; and 

E(T) :=mf{(\VW{p)\/\VU(p)\);pedn}. (151) 

Here, U(p) :— U(T;p) in the closure of ft := fi(r), and the function W{p) 
solves the Dirichlet problem: 

AW = Aln(a(p)) > in fl; W{dfl) = 0. (152) 

Remark 4.14 (a) As a substitute for the condition U50\) , it suffices to assume 
m Def. \4~W\ that 

E(T)>(py(\p\+2)). 
(b ) The inequality: H50\) is equivalent to the following inequalities ( related to 
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imp: 



r < 1 + E - and (1 + E + n - r)(l + £ - n -r) > 1. (153) 

(c) Let S denote any subset o/Sft^. Then, in Def. \4-H\ or Def. \4-13[ the corre- 
sponding condition (namely condition {14$) or il50\) , respectively), is satisfied 
by all classical solutions T G X(G) l~l C 3,e of Prob. \4-3\ at \£ S, provided that 
it is satisfied by all classical solutions at A G S such that \p\ < /io := ln( A j Af) 
(since there are no classical solutions at pairs A G S such that \p\ > po; see 
Thru. [7^p . 

Theorem 4.15 (Existence of a continuously-varying, monotonically- ordered 
family of solutions of Prob. \4-S\ containing a specified solution) Assume, in the 
context of Prob. \4-3\ that there exist positive values po,r > 0, with (r /p ) suffi- 
ciently small, such that for any A = (Ai, A2) G 5ft^ and any classical solution F = 
(ri,r 2 ) GX(G)nC 3 ^ of Prob. \J^\at X, we have that T G 7?.(A; p ) n 5(A; r ) 
(see Defs. \4-H\ \4-13\ Rerns. \4-l$\ \4-14\ an d Lem. 11). Let be given a clas- 
sical solution f = (fi,f 2 ) G X(G) n G 3 ^ at the vector A = (Ai,A 2 ) = (1,1). 
Define the vector-valued function \(t) — (Ai(i). A 2 (i)) : 5ft — > 5ft5j_ smc/i i/ioi 
Xi(t) := exp(|/i(t)) and A 2 (t) := exp(— | p(t)), where p(t) : 5ft — » 5ft de- 
notes a strictly-increasing G 1 -function such that p(0) = and — > ±00 as 
t — > ±00. TTien i/iere exists a maximal strictly-monotonically- ordered, Lipschitz- 
continuously-varying family 

T(t) = (r!(t),r 2 (t)) :i^x(G)nc« 

('see -De/, swc/i £/ia£ T(0) = f 1 and smc/i that for every t G I, T(t) denotes a 
classical solution of Prob. \4-3\ at the vector value X(t). The maximal solution- 
family {r(i) : t G /} corresponds to the longest interval I — (t~,t + ) such that 
Cl(0(r(t))) C G for all t G /. 

The proof as given at the conclusion of Section 14.21 

Corollary 4.16 (a) In the context of Thm. \4- 15\ it follows from Thm. \4-10\ 
that the arc-pair Y G X(G) n C 3s is the unique solution of Prob. \4-3\ at A 
among all curve-pairs T G X(G) such that T(t~) < T < T(t + ) for some values 
^ G I such that ±t ± > 0. 

Remark 4.17 (Uniqueness result for Prob. \4-l\ in a more general context) In 
the context of Thm. \4-10\ let (tl, r) denote any P -periodic, multiply- connected, 
smooth open set f2 whose boundary dfl is P -periodically partitioned into a pair of 
sets r = (Ti, r 2 ), each of which is a disjoint union of one infinite P -periodic arc 
and an infinite collection of simple closed curves. We let \VU(p)\ — \i(r) a,i(p) 
on Ti, i = 1,2, where U(p) : Cl(fi) —¥ 5ft_|_ is a harmonic function in Q satisfying 
the boundary conditions U(Ti) = i — 1. Then T = T T . The proof is the same as 
before. 
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4.2 Local uniqueness of classical solutions 

Theorem 4.18 (Local uniqueness of classical solutions) LetTi = (r x i,r 12 ) € 
X(G) andT 2 = (^,1,^,2) € X(G) denote any two (not necesarily distinct) P- 
periodic (in x) classical solutions of Prob. \4-3\ which are similar enough to each 
other to guarantee the existence of a F '-periodic arc 7 € X such that 7 lies in 
both of their respective stream-beds £li := ClCTi), i = 1,2. Then: 

(a) If the solutions ri,r 2 are distinct (i.e. ifT\ ^ T 2 ), then the stream func- 
tions Ui(p) :— U(Ti] p) : flj — >■ 3?, i = 1,2, are both such that |Vt/j(p)| = a(p) 
throughout flj, i = 1,2. Therefore, the function ln(a(p)J : G — > 3? rnusi fee 
harmonic in the connected domain fliL)Q 2 . Also, there exists a single harmonic 
function U(p) : f^i U O2 — ^ 3^ such that \VU(p)\ = a(p) throughout Cl± U fi2- 

(b) If the mapping ln(a(p)) : G — > 3? zs strictly subharmonic, then by Part (a), 
the above classical solutions must be identical (i.e. T± = T 2 ). Of course this 
means that both streams have the same P-periodic stream-beds in G and the 
same stream- functions. 

Proof of Part (a). To prove the assertion, it suffices to show for any ordered 
pairs Ti = (r M ,i\ 2 ) £ X(G) and T 2 = (r 2 ,i,r 2)2 ) € X(G) such that 

ri,i,r 2 ,i <7<ri,2,r 2 ,2 (154) 

for some arc 7 € X(G) (and such that IYi < Ti. 2 and r 2 ,i < r 2 , 2 , both by 
definition), we must have 

ri,i < r 2 ,i < 7 < r 1)2 < r 2 , 2 and r 2 ,i < r 1A < 7 < r 2 , 2 < r 1)2 , (155) 

from which it follows that 1^ < T 2 and T 2 < Tj. As a means of proving the 
assertions in (|155p . we will state the three mutually-exclusive logical ways in 
which (|155p could fail to hold, and we will show that they all lead to contradic- 
tions. Namely, if we assume the inequalities in (|154l) . then some or all of the 
inequalities in (|155[) can fail to hold only in the following cases: 

Case 1. Neither of the inequalities IYi < r 2 ,i and T 2 .i < I\i holds, and neither 
of the inequalities i\2 < 1^2 and T2.2 < ^1,2 holds. 

Case 2. The inequalities Ti i < r 2j i and r 2i i < I\i both hold, but neither of 
the inequalities T i:2 < T 2i2 and r 2 ,2 < Ti,2 holds. 

Case 3. The inequalities i\ 2 < r 2j 2 and r 2i2 < Pi 2 both hold, but neither of 
the inequalities Ti.i < T 2i i and T 2 .i < Ti.i holds. 

We will first show under the assumptions of (II 54[) that no configuration exists 
with the properties listed in Case 1. We begin by observing that since Ti and 
T2 are both classical solutions of Prob. 14. 3[ we have that 

|VZ7i(»| = a(p) on dfli, (156) 

for i — 1,2, where we define Ui(p) := UiT^p) in Cl(f2i). The continuous 
functions ln(|VE/j(p)|) : Cl(fij) — ► Sft+, i = 1,2, are harmonic in fij, i = 1,2, 
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and the function ln(a(p)) : G — > di is weakly subharmonic. Therefore, the 
related continuous functions 4>i(p) := ln(|V[/i(p)|/a(p)) : Cl(r^) — > 5i, i = 1,2, 
have the properties that 0i(p) = on <9f2i and A</>,;(p) < in In view of 
this, it follows by the strong maximum principle that for each i G {1,2}, we 
have either <fii(p) > throughout tti or else (f>i(p) = throughout f2j. Since 
|V£/i(p)| = o(p) exp(0i(p)) , it follows that for each i G {1,2}, we have that 

V£/j(p)| > a(p) throughout Qi or |VC/i(p)| = a(p) throughout fli. (157) 

Assuming, for the purpose of obtaining a contradiction, that a configuration 
exits in Case 1, we define the functions Ui(p) : Cl(fij) — > 3J, i = 1, 2, such that 

fc(p) := and E/ l( p) := ™ (158) 

where we set 

S := sup {[/ 2 (p) : p G r M n Cl(fia)} € [0, 1], (159) 

and 

C := w£{Ui(p) : p G r 2 , 2 n Cl(«i)} € [0, 1]. (160) 

We also define the related arc-pairs I\ := (l\i, I\ 2 ) » i = 1, 2, such that r\,j := 

{^i(p) = 3 - 1} for J = !) 2 > 80 tri at f2i := fi(f\) and U^p) = [/(f 2 ; p), both 
for i = 1,2. 

It is easy to see that fi < T 2 , from which it follows by comparison principles 
that Ui(p) := U(f i; p) > L7 2 (p) := f/(f 2 ; p) in Cl(Oi n Q 2 ). It follows by the 
Hopf boundary-point lemma that 

|Wi(pi)| > |Vf/ 2 (pi)| and/or |Wi(p 2 )| < |VC/ 2 (p 2 )| (161) 

at any points pi , p 2 such that 

Pi € fi,i n f 2 ,i and/or p 2 G f 1)2 n f 2j2 . (162) 

In view of (1157[) - (|16ip . we have 

- = IWrCpOII > = > ^ (163) 

and 

aM < = |v ^ i(pa)1 < m?2)l = = ^1 (164) 

l—o l—o 1 11 G C 

for any points pi,p 2 satisfying (|162[) , from which it follows that 1 — S = C and 
that all the inequalities in (|163[) and (jl 64[) reduce to equations. 

We also have that f 2,1 C fii if S > and f 1>2 C ft 2 if C < 1. In view of (|157|) . 
we must have that |V[/j(p)| = a(p) throughout the domains fii, i = 1,2, because 
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it is impossible to have |VZ7a(pi)| > a(pi) or |V£/i(p2)| > a (P2)- Therefore, the 
weakly-subharmonic, P-periodic C 2 -function ln(a(p)) : G — > 3? is harmonic in 
Qi U since it coincides with the harmonic functions ln(|V£/j(j>)|), i = 1,2, 
in their respective domains f2j, i = 1,2. Let denote the largest connected 
open subset of fli n f^. (Here, w is a simply-conncctcd P-pcriodic strip-like do- 
main containing 7, where the simple connectedness of uj follows from the simple 
connectedness of Oi and Q 2 .) Since ln(|VPi(p)|) = ln(a(p)) = ln(\\7U 2 (p)\) 
in uj, the corresponding harmonic-conjugate functions arg(VC/i(p)), i = 1,2, 
can differ from each other by at most a constant in uj, and must therefore co- 
incide in uj, since the regions £li,£l 2 are both P-periodic in x. It follows that 
\7Ui(p) — VU 2 (p) in uj, and, therefore, that the functions Ui{p) : f2i — > 
i = 1,2, can differ by at most an additive constant in uj. fli n ^2- Thus for 
i = 1,2, the capacitary potential Ui{p) : VLi — »• 3?, can be uniquely continued to 
the harmonic function U*(p) : fii U S7 2 — > 3? by setting t/*(p) := £/j(p) in fij 
and i7*(p) :— {Uz-i{p) + Ci) in \ for some suitable constant d. Thus, 
we have fti := {0 < U{(p) < l} and tt 2 := {C*i < f7 x *(p) < 1 + Ci}, where 
< Ci < 1. This completes the proof in Case 1. 

Next, we consider a configurations in Cases 2 and 3 under assumptions of (|154[) . 
In terms of notation introduced for Case 1, one can apply the same comparison 
principles used earlier to see in Case 2 that 

a{p 2 ) = \VU 2 {p 2 )\ > \VUi(p 2 )\ = {\VU x (p 2 )\/C) > (a(p 2 )/C), (165) 

at any point p 2 € T 2 2 n Ti.2 C Qi, from which it follows that C = 1 and 
especially that |Vf7i(p)| = a(p) throughout (due to I157p . since the strict 
inequality \\?Ui(p 2 )\ > a(p 2 ) contradicts (I165p . Similarly, for a configuration 
in Case 3 under assumption (|154[) . we have (in terms of earlier notation and 
methods) that 

a(pi) = |VUi(pi)| > \VU 2 ( Pl )\ = (|VI7 2 (pi)|/(l-tf)) > (a(pi)/(l-*)), (166) 

at any point p\ € n I^.i C fl 2 , from which it follows that 6 = 0, and 
especially that | V C/2 (f) | = a (p) throughout fl 2 (due to (|157[1 ). since the strict 
inequality: |VE/2(pi)| > a(pi) contradicts (|166l) . By involking symmetry and 
interchanging the roles of Ti = (ri i, T^) and T2 = (I^.i, 1^2,2) in the above 
arguments, we conclude that in either Case 2 or Case 3, we must have \ VUi{p)\ — 
a{p) in Hi, i — 1,2. The remainder of the proof in Cases 2 and 3 follows as in 
Case 1. 

Theorem 4.19 (Proximity of sub-solutions and super-solutions, both at the 
same pair A = (1,1) ) In Prob. \4-3[ assume the positive, P-periodic flow- 
speed function a(p) : 3? 2 — > JJ+ is logarithmically subharmonic relative to the 
P-periodic (in x) strip-like region G. Let T — (ri,r2), T — (r^Ta) G X(G) 
denote a classical sub-solution and a classical super-solution, respectively, such 
that \VU(p)\ = a(p) on f 2 , \VU(p)\ = a(p) on f\, and f < f . Then f 2 > f x . 
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In other words, the two configurations are close enough so that the intersec- 
tion of the closures of the two (simply connected) stream beds contains a curve 
connecting x — — oo to x — oo. 

Proof. Let U(p) := U(t;p) and 4>(p) := bi(jVU(p)\/a(p)), both in the closure 
of ft := ft(f). Then A(p(p) < in ft, 0(p) = on f 2 , and <j>(p) > on f x . 
Therefore (/> > in ft, from which it follows that 

0„(p) = # a (p) - (^(pJ/oCp)) < (167) 

on T2, and also, by a similar argument, that 

^ v (p) = k 1 {p)-{a v {p)/a{p))>Q (168) 

on fi, where <j)(p) := ln(|VZ7(p)|/a(p)) in the closure of ft, and where K 2 (p) and 
K\{p) denote respectively the signed curvatures of the arcs T 2 and Ti at their 
respective points. If the claim is false, then there exists a non-empty, connected 
region u> contained in one P-period of the region D + (T2) H D~(Ti), and whose 
boundary dui is the disjoint union dco — 72 U 71, where 72 := C1(cj) n and 
ji := C1(cj) l~l Fi. For definiteness, we will assume that Ct and Ct intersect, so 
that 72 and 71 have common initial and terminal endpoints p\ and p 2 . We have 



K 2 (p)ds- Kx{p)ds< (a u (p)/a(p))ds- (a u (p)/a{p)) ds, (169) 
by integrating (|167[) and (|168|) . We also have 

K 2 (p) ds - [ Kip) ds - (9 2 (p 2 ) - hipxj) - (01 (Pa) - ^i(p 2 )) > 0, (170) 



where 2 (p) and 6*i(p) denote continuous arguments of the forward tangent 
vectors to the curves 72 and 71 and where p\ and p 2 are their joint initial and 
terminal points. We also have that 

0< f f Aln(o(p))dA= / (a„(p)/a(p))d«- / (o„(p)/o(p)) ds, (171) 

as follows by applying the divergence Theorem to the sub-harmonic function 
ln(o(p)) in uj. By stringing the inequalities in (|169l) . (jlTOf) . and (|171[) into a 
chain of inequalities, we determine that the double-integral over over uj in (I17ip 
vanishes, and that the two arc integrals (in (|171|l ) are equal; also that the two 
signed curvature integrals in (|170l) ) are equal; in fact that 2 (pi) — Ox{p{) = 
and 9i(p 2 ) — 2 {p 2 ) — 0, since the latter two expressions are non-negative and 
sum to zero. Since ln(a(p)) is sub-harmonic in w, it follows that it is harmonic 
in uj. Finally, we conclude by integrating the equalities in (|167p . (| 168[) that 

4> v (p)ds = 0= f (f> v {p)ds. (172) 

72 J 71 
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Since (f> v (p) < on 72 and cj> v (p) > on 71 (by (fT6"7|) . ([TB5])). it follows that 
4>v{p) = 011 72 and <j>vip) = on 71. Since the functions (/> and </> are already 
known to be non-negative and (weakly) super-harmonic in the respective regions 
Q and f2, and to vanish on T2 and F\, resp., 

it follows from (|172l) that <j>(p) — in Cl and (j>(p) — in Cl. Therefore, 
\n(a(p)) coincides with the harmonic functions In (| VU{p) |) (resp. ln(|VC/(p)|)) 
in Cl (resp. Cl). Therefore ln(a(p)) is a C 2 -function which is harmonic in Cl U 
uj uCl. Since the domains Cl and Cl share common C 2 -boundary arcs with uj, it is 
clear that ln(a(p)) is a harmonic function in the interior of Cl U Cl(w) U Cl which 
coincides with ln(|VC/(p)|) (resp. ln(|VJ7(p)|)) in Cl (resp. Cl). Therefore, 
ln(|V[/(p)|) = ln(|V?7(p)|) in Cl n Cl. Therefore, the harmonic conjugates of 
these functions, namely arg(Vf/(p)) (resp. arg(VZ7(p))) in Cl (resp. Cl), differ 
by at most a constant in any connected portion ujq of $1 Pi O. But we have 
VU(p) = WU(p) at any point p € T2 n Ti such that also p £ duj for any 
connected component uj of the region D + (T2) fl -D~(ri), from which it follows 
that VC/(p) = VU(p) in fi n Cl. Therefore U(p) = U(p) + C throughout any 
connected component of finCl. But this contradicts the fact that U(p) < U (p)+l 
in (f 2 n Cl) U (fi n Cl), whereas U(jp) = U(p) + 1 at any point p € f 1 n f 1, 
completing the proof of the assertion in the case where Cl intersects Cl. 

Corollary 4.20 (Proximity of sub-solutions to super-solutions at different choi- 
ces of the parameter X ) Assume in Prob. \4-3\ that the flow-speed function a{p) : 
5R 2 — > is logarithmically subharmonic relative to G. Let T — (ri,r 2 ) € 
X(G) and T — (Ii,^) G X(G) denote, respectively, a classical sub-solution at 
X = (Ai,A2) such that \S7U(p)\ < Xia(p) on T\ and \VU(p)\ — \2a(p) on T2, 
and a classical super- solution at X = (Ai, A2), such that \VU(p)\ — Xia(p) on T\ 
and \VU(p)\ < X 2 a(p) on T 2 . IfT < T, and T% lies at least partially above F 2 , 
so that the domain Z? + (r 2 )nl? _ (r 1 ) contains at least one non-empty connected 
component uj, then for each component uj, we have 

ln(A 2 /Ai)Ai||ft|| a < ln(A 2 /Ai)A 2 ||7 2 || a , (173) 

where % := C\(w) n t 1 , 72 := Cl(u>) fl f 2 , ||7i|| a := J*^ a(p)ds, and \\j 2 \\a ■= 
J- 2 a(p) ds. Therefore, 

if (A 2 /Ai) < 1 < (A2/A1), then u) = 0, whence f 2 > f x . (174) 
It also follows from that 



II71IU < (ln(A 2 /A 1 )/ln(A 2 /A 1 ))(A 2 /Ai)||7 2 || if A 2 > X x and A 2 > X x , (175) 

H72IU < (ln(Ai/A 2 )/ln(Ai/A 2 )) (Ai/A 2 ) 1 171 1 1 if A x > A 2 and A\ > A 2 . (176) 
IffJ,:= ln(A 2 /Ai) = ln(A 2 /Ai) ^ 0, then 

H (A1II71IU- A2II72IU) <0, (177) 
regardless of the sign of fx. 
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Proof. In notation of the proof of Thm. 14.191 we have <p(p) > ln(Ai) + 
ln(A 2 /Ai) U{p) in Cl(f2), where the inequality reduces to an equality on r 2 . 
Therefore, we have (j> v {p) = K 2 (p) - (a u (p) / a(p)) < ln(A 2 /Ai) A 2 a(p) on f 2 , 
and, similarly, we have cj) v (p) = Ki{p) — {a v (p) / a(pj) > ln(A 2 /Ai) Ai a(p) onFi. 
The assertion follows by integrating these inequalities on 72 and 71 , respectively, 
and combining the results with f| 1 70[) and (|17ip . 

4.3 Continuously and monotonically varying solution fam- 
ilies 

Lemma 4.21 (Uniform self- separation of solutions of Prob. \4-3\ Uniform con- 
tinuation of capacitary potentials) Assume in the context of Prob. \4-3\ that 
the fixed positive P-periodic flow-speed function a(p) : 5ft 2 — > 5R+ is in the 
class A.q for some g G (0,1], and is logarithmically- subharmonic relative to 
G. Then: (a) for any positive interval A + := (A, A) (where < A < X), any 
A = (Ai,A 2 ) G and any classical solution T\ G X(G) of Prob. \4-3\ at A 
such that T\ G 7?.(A+; po) (f 0T some given value po G (0, 7r ); see Rem. \4-l%\ and 
Thm. \5.19)) . we have: 

Ki(t)-PA,<(T)| >min{^|t-T|,^,(g) a ,i2o,i2i,l} (178) 

i = 1,2, uniformly for all t,T G 3?, where Kq denotes a uniform upper bound 
for the absolute curvatures of the components of these classical solutions (the 
bound exists by Thm. \3.13\) . also p\ t i(t) : 5ft — > T\ i denotes any arc-length 
parametrization of Y\_i, and, finally, the positive constants B2,Rq,Ri > 0, 
which remain to be specified, are such that _B 2 , (l/Ro), (1/Ri) have upper bounds 
which depend only on A,A,A\, A 2) A, and A. 

(b) Assume in Prob. \4-3\ that the flow-speed function a(p) : 5ft 2 — > 5ft+ in A. e is 
logarithmically subharmonic in G. Then, given the positive closed interval A + := 
[A, A] C 5R+, the main assertions of Thm. \3.16\ and Part (a) above both apply 
uniformly with respect to all pairs A G A 2 ^ and all solutions T\ G X(G) of Prob. 
\4-3\ at X. Therefore, the capacitary potentials U\(p) := U(T\;p) of all of these 
solutions can be continued as single-valued G 3,e -functions in simply- connected 
domains satisfying the same uniform bound on their G 3 '^ -norms relative to 
their respective domains uniformly containing the S -neighborhoods Ng(fl\) 
of the respective regions £l\ := Q(T\) (with the same value S > in all cases). 

Proof of Part (a). Let be given a classical solution T = (ri,r 2 ) G X(G) of 
Prob. 14.31 at a fixed pair A G A 2 ^, and let Pi(t) : 5ft — > Ti be the arc-length 
paramctrizations of the components. We choose the positive direction on Ti 
and r 2 such that v always points locally to the left, where we use v{jp) to 
denote the unit vector pointing in the direction of Vt7j(p) on dil, and where 
Ui(p) := Ui(Y;p) in (the closure of) f2 := Q(r). (Thus the positive direction on 
Ti (resp. r 2 ) corresponds to increasing (decreasing) t.) For any fixed to G 5ft, it 
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follows from the absolute curvature bound that 

\Pi(t) -Pi(t )\ > (2/vr)|t - t 1 whenever \t - t \ < (n/K Q ) (179) 

for i = 1,2. Since \pi(t) — p«(to)| — ^ +°° as i — ^ ±00, it suffices to show that 
if r 6 7?.(A + ;p ) f° r some fixed value p 6 (0,7r) (see (|149[) ), then for any 
to € 5i, any local minimum of the function r(pi(t)) :— \pi(t) — Pi (to ) I : 3? — > 3?+ 
must exceed a certain uniform positive lower bound. Given the points pix) € I 1 ;, 
z = 1,2, it suffices to consider the point-sets Mf(pix>), i = 1, 2, whose respective 
elements € I\ are such that jT 1 " is a local minimizer of the function r;(p) := 
|p— pi.o| relative top € I^Uf^, whereas p~ is a local minimizer of ri(p) := \p— Pi$\ 
relative to p G I\ U A(I"i), i — 1,2. Then for € I\ and € VVff (k,o), we 
have 

"(pf)IP? - K,o| = T(pf ~ Pi,o). (180) 
It also follows from the uniform bound on the curvature of Ti, T2 that 

\6(v(p ii0 ), u(pf)) I < B ^\ Ph0 ~pfl (181) 

where So := Eq^/Ko for a dimensionless constant Eq > 0, and where 9{y{j>ifi), 
v(pf)) denotes the angle between f(pi,o) and f{pf). We assert that, given 
points j»i,o G r s ; and € ■Mfipifi) such that := \p~l — Pi,o| < 1, we must 
have 

-82^ > BxTi + B Qy /r~ > n - p. L cap(Sl) > ir - |/^| cap(fi) > p (182) 

(for /i 4 := ln(A 3 _i/Ai)), where Si = (Ai/A) and B 2 = B a + B x . Here, the 
final inequality follows from the assumption that T £ H(A+; po) (for some 
given value po £ (0,7r)). For the proof of the second (and main) inequality in 
(I182j) . we assume that p^ € ./Vf^p^o), where p^o precedes pf in terms of the 
ordering on IV We let 7^ denote an arc-segment of Ti having p^.o (resp. pf) 
as its initial (resp. terminal) end-point, and we use Li to denote the straight 
line-segment connecting the same points in the same order. Obviously := 
1 1 I = \Pi,o —Pi\- We can assume that 7$ does not cross Li, since otherwise 
one could choose a new relative minimum point p\ € Ti which is closer to p^o- 
One also sees by using (|181l) and a uniform upper bound on the curvature of 
the fixed boundary dG that there exists a value i?o = Ro(Kq) > such that 
Cl(wi) C G whenever r-j € (0, Rq\. We also have that 4>i(Ti) = 0, 4>i(p) = 
Hi := ln(A3_i/Ai) on T^-i, and A<fii(p) — — Aln(a(p)) < in ft, where we 
define the function 4>i(p) := ln(|VL^(p)|/Ai a(p)) in terms of the capacitary 
potential Ui(jp) := Ui(T;p). Therefore, we have 4>i{p) > Pi Ui(p) in Cl(f2) by the 
comparison principle, since the same inequality holds on dfl. It follows that 

<t>i,u = Ki(p) - (ln(a(p))„ > fii Ui^(p) = piXi a(p) (183) 

on Ti, where Ki(p) denotes the counter-clockwise-oriented curvature of I\ at 
p £ Ti. In fact we have | f K l (p) \dt\ - n\ < B Qy fn, due to (fT80]> and (fTHTj) . 
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both in the "+" case. Again assuming that r< < 1, it follows by integrating 
(|183p on 7j, rearranging the terms, and applying the divergence theorem to 
the function ip(p) '■— m ( a (p)) i n the bounded connected region Ui such that 
duji — 7, U Li (where At/j > H > in uji) that 

n-IH*i\hi\\a-B y/rl < [ ip u \dt\ < f ^ U \dt\+B in (184) 

= J J (-Aip)dA + B iri < -H\\ui\\+B iri , 

where \\uJi\\ denotes the Euclidean area of Wi, ||7i|| a is the weighted arc- length 
of 7^ (with weight-function a(p)), and v denotes the interior normal to Ui on 
duJi. It follows that 

B\Ti + B ay /r~ > 7r - X^i \\ji\\ a + H\\u)i\\ = 7r - ^cap(f2 A ) + H \\uii\\, (185) 
from which Eq. ()182j) follows. 

Similarly, for p^o € I\ and € .M "(p^.o), i = 1, 2, we will show that 

K \An> \A(ir-B ^/n), (186) 

£ = 1,2, where Kq denotes a bound on the absolute curvature of Ti and IV In 
fact the flow across the segment Li joining pi_o to is bounded from above 
by A Ari, since \VUi\ < A A in 11. On the other hand, the flow across the 
arc 7i C I\ joining pi$ to p~ exceeds Aj4||7i||, where, in view of the absolute 
curvature bound Kq, it follows from (|180[) and (|181[) in the "—"-cases, that the 
length of the arc 7* is at least ( \n — Bq^/vI ] / Kq) • Eq. (I184[) now follows from 
the fact that the flows across Li and 7, are equal, where the flow across ji 
exceeds A A||7,-||. It follows from this that 

i£n<l, then n > i?i := (n X A / (K X A + C X A)f . (187) 

By (|182[) and (|187p . we conclude that either > 1 or else r, > (po/B 2 ) 2 and 
n > Ri (both). Finally, in view of Def. I4TT1 fsee (HMJ)), the assertion (fT75jl 
follows by substituting these inequalities into (I179p . 

Proof of Part (b). In view of Thms. 13.121 13.131 and 13. 161 this follows from 
Part (a). 

Definition 4.22 (Notation) Let T € X denote a curve-pair, whose capacitary 
potential Ui(T;p) has a smooth continuation Ui(p) to a neighborhood Ns g (Q(T)) 
such that \S7Ui(p)\ > on IV Then for any vector d = (61,62) G 3? 2 such that 
6 := \S\ e (0,S ], we define the curve-pair M S (T) := (M Ml (r), M 2 ,s 2 (T)) € X 
component-wise such that 

M iA (T) := {p e N S {Q{T)) : Ut(T;p) = 6,} € X, (188) 

for each i = 1,2, where 6q > is small enough so that |VE/j(p)| is uniformly 
positive in Ns (fl(T)) and the arcs defined in h!88\) are all double-point free (as 
occurs under conditions in Thm. \S.16\ Lem. \4-21\ and Cor. \4-21\ (b)). 
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Lemma 4.23 (A family of solutions of Prob. . M in a neighborhood of a given 
solution of Prob. [pj) In Prob. let f = (r x ,r 2 ) G XflC 3 ^ 6e a classical 
solution at\ = (Ai, A2) G swc/i i/iai: 

A ln(a(p)) > in Cl(fi), (189) 

where ft = Sl(r). We also assume that the capacitary potential U(p) := U(T]p), 
originally defined in the closure of the domain fl := can be continued as a 

uniformly C 3,0 -function (still called U(p) ) in a neighborhood £1$ o/Cl(f2) (condi- 
tions guaranteeing this continuation are given in Thm. \3.16l Lem. \4.21\ a)(b)), 
and that T G <S(A,ro) for some ro > (see Def. \4-13\ ). Then, given r G (0,ro), 
there exist a value 6± G (0,Sq] and a unit vector v := (vi,U2) in the first quad- 
rant, whose components are bounded from below by a positive constant: 

v t > C > 0, (190) 

i = 1,2, such that for any S G (0, 5i] and any pair A = (Ai, A2) G 5?+ such that 

|Ai-Ai|<rW (191) 

for i = 1,2, the pair Tvs '■= Mm(F) (resp. T-vs '■= M--vs(F)) is a strict 
upper (resp. lower) solution of Prob. \4-2\ at A, and, therefore, there exists (by 
Thms. \3.12\ and \3.13\) a classical solution T(A) G X of Prob. \4.2\ at A such that 

f-vs < r(A) < r vs (192) 

Proof. We continue the capacitary potential U(p) := U(T;p) to a C 3 ' ^-function 
by the same name, defined in a neighborhood of the closure of SI :— ^(T). For 
i = 1, 2, we define the function 

Fi(p) := \VU(p)\ - K o(p) = UAp) - A< o(p) (193) 

in a neighborhood of the arc I\, where f = v{p) denotes a unit vector in the 
direction of the vector VU(p). We observe that Fi{p) = on the arc l\ for each 
i = 1,2. Given any points £>j € T%, i = 1,2, and any vector <5 = (61, £3) G 2q, 
where Jo := (— <$0;<5o), we define 

:= Pi +hiU€ T itSi := M lM (f ), (194) 

where the magnitude of hi = hi(5i) G 5ft is minimum subject to (|194l) . and where 
we assume the normal vector u to dQ points into (out of) SI on Fi (resp. T2). 
We have 

Si ■= U{pi, Si ) ~ U(pi) = Uuik) hi + Ri h u (195) 
Fi{pi, 5i ) - Fi(pi) = F itV (pi) hi + Ri hi (196) 
for i = 1,2. It follows that 

F<(fc A ) - F(&) - {F i<v {pi)/U v {pi)) 5, + R z 5 t (197) 
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= Xi a(pi) €i(f>i) Si + Ri Si 
for pi £ Ti, where we define the function £i(p) such that 

A? a 2 (pi) UiPi) = h»(S>i)- (198) 

In (|196[) . we have that Fi(Ti) = 0, and we use Ri to denote the coefficient of 
hi in the second-order Taylor remainder. Note that Ri can be be estimated in 
terms of A and the second and third derivatives, respectively, of the functions 
a(p) and U(p), which are both uniformly bounded by the C 3,£, -norms of the 
C ^-continuation U(p) : ft — > SR. By differentiating (|193p . we have that 

Fi,u(S>i) = (Uu»{Pi)-kau(pi)) (199) 

= \a{pi)({U vv (pi)/U v {pi)) - (a v (pi) / a(pi))) = \ a(pi) 4>i,„(pi), 
where we define 

&(p) :=]n(|Vtf(p)|/A<a(p)). (200) 

We also define 

F it t(p) := \VUs(p)\ - k a(p) = UsAp) - ^ *(p) (201) 

in the closure of the domain Clg := fi(r,$), where we define Ts := Mj(r) 6 X 
and U s {p) :=U(t s ;p). We have 

\UsAp) - U v (p){l + 5i - 6 2 )\ < Sz(S) (202) 

on d&s, where S :— \S\ = \J S\ + 6\ and Z\(6) — CS for some positive constant C, 
depending on the C 3, ^-norm of the C ^-continued function U(p). This follows 
from Lem. 13.141 in view of the fact that sup{|AC/(p)| : p e ils} < Sz(S), 
uniformly for small 6 = (61,62), and the fact that 

U s (p) = ((U(p)-6 1 )/(l + 6 2 -6 1 )) 

on dtlg. We observe that the pair Tg = (lY^, l\<5 2 ) € X (resp. = 
(IY-^, l\_<5 2 ) G X) is an upper (resp. lower) solution of Prob. 14.21 at A if 

(-l) l hs ( P ) >(<) on tify, (203) 
i = 1, 2, where, by ([I97|l . pDD|) . and <|5D2]> . we have 

= Ai a(ft)((fc - fc) + *i) + Ri 6 (204) 

= Aj o(ft)(($i - <5 2 ) + [A + *i) + fl< 5 

for i = 1,2, where we define /i := ln(A 2 /Ai) and := (— l) l+1 (£i(pi) — p). 

It is well-known that ln(|V?7(p)|) is harmonic in f2 (since \7U 7^ there). 
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Therefore, in view of (|189l) . we have that A(f>i(p) = ~Aln(a(p)) < in Cl. We 
also have <f>i(Ti) — and (f>i(p) = ln(A3_i/Ai) = (— on T^^i. Therefore, 

$ l ( P ) = (-iy +1 fiU l ( P )-w( P ) 

on dfl and therefore throughout Cl(f2), by the comparison principle. Therefore 

Ci(p) := (hAp)/\VU(p)\) =^+{-l) l+1 E{p) 

on fi, where J5(p) := (|VW'(p)|/|VU'(p)|) ) and where W"(p) is defined in {152]) , 
In a slight generalization of (|203l) based on (I19ip , one sees that the pair Ts € X 
(resp. r<5 6 X) is a classical upper (resp. lower) solution of Prob. 14.21 at A e di\ 
(where |A, — A*| < r Ai | <5» j , i = 1,2), provided that 

i-iyhsip) > Aj a(p) r \8i\ (resp. {-lyP^p) < -A* a(p) r (205) 

on Pj^, i = 1,2, where Fi : s{p) is as defined in (1204p . Given a vector J = 
(^l,^) = \S\v — \8\{v\,V2) with positive components, it follows from (|205|) that 
the curve-pairs Ts and r_,5 are respective upper and lower solutions of Prob. 
EH at A = (Ai, A 2 ) e 5R+ such that (flUTj) holds for i = 1, 2 provided that 

Pi*(A,±«;A, ±a4 ) <0 

for i — 1,2, where we set 

F*(X,±S;p it±5i ) := ±Aio(fc) ((-l) l (^i - fc) + [{-If fi - E( Pl ) + r}5^j + R t 5 

(206) 

for i = 1,2. Moreover, the right side of (|206p is negative for sufficiently small 
6 := 1 6 1 and in all four cases (the ± cases for i = 1,2), as required, provided 
that the components of the unit vector v are both positive, and satisfy the 
conditions: 

vi + \Ri(6)\ < (l + E - p. - r) v 2 ; v 2 + \Rn(S)\ < (l + E + ft - r) v x (207) 

for sufficiently small 8 > and at all points pi G Pj, i = 1,2, where we set 
£ := E(t) (see Def. H35| . Then (|2U71) implies ([T55]) . from which ([1501) follows. 
Assuming that (I150p is solved by a value r > 0, one can show for sufficiently 
small 5 > that (|207l) is solved by the unit vector v = (v\, v 2 ) such that 

(vi,v 2 ) = C(\Ri\ + \R 2 \(1 + E-r-fi),\R 2 \ + \Ri\(l + E-r + A)), (208) 

where the constant C > is determined such that \v\ = 1. Turning to the proof 
of dSP, it follows from |»| = 1 that v t > (l/\/2) for cither i = 1 or i = 2. In 
view of (fl"50")) . it then follows from (j207l) that Uj > (CiU 3 _i) > (Q/V2), where 
the positive constant d := (l/(E + 1 + (— l) 4+1 /t — r)) is bounded below by 
the reciprocal of the positive term: Bi := E + 1 + (— l) l+1 /i — r > (in which 
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\VW(p)\ (defined in Def. 1313)) is bounded above on d& by Lem. ISllT a)). 
Finally, regarding the choice of Si € (0,5o], we observe that if T £ <S(A, ro), 
then for fixed r £ (0,ro) the conditions (|207p are satisfied (and therefore the 
assertions hold) if < Co(ro — r) for i = 1,2 and \S\ < Si. 

Lemma 4.24 (Monotonicity and Lipschitz continuity of solutions of Prob. \4-2\ 
in a neighborhood of a given solution) Let T = (Fi,!^) £ X denote a fixed 
solution of Prob. \4-2\ at X — (Ai,A 2 ) £ where a(p) : 5i 2 — » 5R+ and T 
/lave the additional properties assumed in Lems. \4-21\ and \4-23\ ( in particular, 
\ 190(1 holds, and T £ S(A, ro) for some rg > 0). Let the unit vector v satisfy 
the condition {201^ for some fixed r £ (0,7"o) and for all S £ (0, Si] (where 
Si £ (0, Sq] is chosen such that \R%(S)\ < C (r — r) for 8 £ (0, Si]). Then: 

(a) For any classical solution T(X) of Prob. \4-2\ at A £ 3?^_ such that 

M_ Ja „(f) < r(A) < M 5ot ,(f), (209) 

there exist a maximum value a — a(X) £ Iq := ( — <5o, <5o) and a minimum value 
(3 = /3(A) £ I such that < a < (3 and 

tea, ■■= M aV (t) < T(A) < tpv ■= Mpvfi). (210) 

(b ) There exist uniform positive constants 21, *8 > and a value S2 — 82 (A) £ 
(0, <5i] such that for any classical solution T(A) := (I\(A), r 2 (A)) £ X D C 2 of 
Prob. \4-3\ at a pair A = (Ai, A2) £ A 2 ^ (such that Ai > Ai, A2 < A 2 J, and for 
any values a, (3 £ Ig 2 := (—82,52) such that the condition 121 0\) holds, we have: 

of • ((A1-A1) (A 2 -A 2 )"i f(Ai-Ai) (A 2 -A 2 )i 

21 mm< - — - -, > < a < p < 23 ma,x< , }. 

L Ai A 2 J " I Ai A 2 J 

(211) 

In fact one can choose 21 such that (2 A E) 21 = A. 

Proof. Assuming that (|209j) holds for a classical solution T := T(A) of Prob. 
14.31 at A, it follows from (I210p by the comparison principle that 

U a v(p) > U{p) in Cl aV n fl and Up V (p) < U(p) in Q 0V n tt, (212) 

where U(p) := U(T;p) in the closure of fl := O(r), and where, for either k = a 
or k = (3, we set f Kt , = M KV (t) = {f K , Vlt i,t KV2t2 ), and U kV {p) ■= U(t KV ;p) in 
the closure of £l K v '■= ^(^kv)- For a maximum subject to (|210|) . there exists a 
point p a .i £ Fi n r aWli i such that U a v{Pa.i) = U(p a .i) = 0, and therefore 

|W Qt ,(p„,i)| > |VI7^„,i)| (213) 

(due to 1)212)1 ). or else there exists a point p Qj2 £ r 2 nr Qj2 at which U a v(Pa,2) — 
U(p a ,2) = 1, from which it follows via ()212p that 

|Vt)at;(Pa,2)| < \VU(p a , 2 )]. (214) 
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In the first case, one sees by combining (|204j) with (|213[) that 



Aia(p a ,i) + Aia(pi jQ ) £ ia + i?i a (215) 

= |Vf/ a vG3ca)| > |VC/"(pa,l)| = Aia(p a ,l), 

at points p Qi i € r Qi i n Ti and p a .i £ Ti such that \p a ,i — Pa,i\ = dist(p ai i, fi), 
where £1 := ((£(p aj i) + 1 + - u 2 ) > rui > C r > (see ((2071) and (fT90)) V 
For Ai > Ai, the assumptions that a < and |i?i(a)| < \ia(p a ,i)£i lead to a 
contradiction in (|215|) . Therefore, we have a > if |i?i(a)| < \ia{p a ,i)£ l- But 
for a > 0, (I215P implies that 

a(A) > 8 a(Pa,i)(Ai - Ai) > A(X,-M) 
\ 1 a(p aA )£ 1 + \R 1 (a)\ 2A£ 1 X 1 

if we assume that |i?i(a)| < Ai ACqt < \ia{fi aj \) £\ and Ai > Ai, where £\ :— 
sup{£\(p) : p € Ti}. In the second case, it follows from (|204j) and (|214[) . that 

A 2 a(j5 Q , 2 ) ~ ha(p2, a )£2a - i? 2 a (217) 

- |VC/ al ,(p a ,2)| < |Vl7(p a) 2)| = A 2 a(j) Q , 2 ), 

at points p aa € f Q ,2 n T 2 and p Q . 2 € f 2 such that \p a>2 - p a , 2 \ = d ist(j3 Q; 2 , f 2 ), 
and £ 2 = ((E(p at2 ) + 1 - fi)v 2 - u x ) > rv 2 > C r > (see (j2"07)) and ([T9"0])). 
For A 2 > A 2 , this equation is contradicted by the assumptions that a < and 
\Ri(a)\ < \ 2 a{p 2ta )£ 2 . For a > 0, it follows from (12T71) that 

Q(A) «(p a , 2 )(A 2 -A 2 ) ^(A 2 _- A 2 ) 
A 2 a(p ai2 )£ 2 + |i? 2 (a)| 2^L£ 2 A 2 

if we assume that |i? 2 (a)| < CoA 2 -Ar < A 2 a(p Qj2 )£ 2 and A 2 > A 2 , where £ 2 := 
sup{£ 2 (p) : p G f 2 }. Therefore, by (l21"6| and (f2T8l) . we have 

a(A)>-= mm j , , , \ (219) 

2A max{£i,£ 2 } L A 2 Ai J 

for |i? 2 (a)| < CoA 2 -Ar, completing the proof of the existence of the positive 
uniform lower bound for a in ()211[) . 

Turning to the existence of the uniform upper bound for /3 in (|211j) . by (|204|) 
and (|212[) . we have that 

Xia{pp, 1 ) + X 1 a(p 1 ^)£ 1 p + R 1 p (220) 
= iVt^v^ftOI ^ I W Cp/m)I = Aia(p/3,i) 
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at points pp t i e Ti fl f^i and pp t i € l\ such that \pp,i — Pp,i\ — dist(pg,i, Ti), 
where £ i := y(E(pp,\) + 1 + p)v\ — v%) > V\r > Cor > 0, or else, alternatively, 
we have that 

X 2 a{pp <2 )-X 2 a{p 2 ,p)£ 2 p + R 2 (221) 
= \VUpv(pp,2)\ > |V[/(p>, 2 )| = A 2 a(p>, 2 ) 

at points pg,2 £ T 2 n and pg^ € T 2 such that |pa i2 - pp, 2 \ = dist(pg, 2 ,r 2 ), 
where £ 2 :— ((E(pp :2 ) + 1 — p)v 2 — V\) > v 2 r > Cor > 0. Of course we have 
f3 > a > in both cases, by the already established part of (|211[) .) Therefore, 
if cither (|220l) or (j221[) holds, and if we assume that Ai — Ai, A 2 — A 2 > 0, and 
that 2\Ri([i)\ < min{Ai, X 2 } AC a r < Taxn{Xia(pp t i) £i, X 2 a(pp t2 ) £ 2 }, i = 1,2, 
then we have: 

/3(A) < max s ^il^ij ( 22 2) 
-i.2 Aiafo.Ofc-IW)! 

< f 21 | f Xi-Xi X 2 - X 2 \ 
" Umin^,^}/ maX l Ai ' A 2 J' 



Lemma 4.25 (Continuation of continuously and monotonically-varying fami- 
lies of solutions) Let be given an open interval I and a function X(t) = (Ai(t), 
X 2 (t)) : I — > SK 2 ^ satisfying fal44\i relative to I. Given the non-disjoint open in- 
tervals I and I, both contained in I , let T(t) : I X and T(t) : I — > X denote 
two parametrized families of solutions of Prob. \4-ty each satisfying {14®$ and 
l{147\ l relative to it's respective open t-interval. Assume that there exist values 
t £ I I and a,f3 £ I such that a < t < f) and T(a) < f (to) < T(/3). Then 
T(t) = T(t) for all t £ I C\ I , and we can therefore define a larger parametrized 
solution-family T(t) : I U I — > X(G) for Prob. \4-£\ also satisfying Ijl46{ ) an d 
[TJty , such that f (t) = r(t) in I and f (t) = t(t) in I. 

Proof. By slightly decreasing the parameter intervals J, J, we can assume 
w.l.o.g. that r(t) : / — > X and T(t) : I — > X arc uniformly continuous mappings 
on closed intervals I — [a,b],I — [a, b], resp. Let J denote the interval consisting 
of all t € 1 such that T(a) < f (i) < T(b). Then J ^ (since t € J), and 
f (i) = T(t) for all t £ J, by Thm. ET~TU1 Assuming that b < b, it follows from 
i G J and t < t <b—5 < b that r(t ) = f (t ) < f (t) = r(f) < r(S-<5) < T(b), 
from which it follows via the uniform continuity of the function T : / — > X that 
r(to) < f (r) < r(S) if t < r < t + P(S), where P(<5) > for S > 0. Therefore, 
for every point t £ J, the points of the interval [to,t + P(£)] are also in J, in 
so far as they are already in I D I. Therefore J = I PI I relative to [io,oo), 
whence f (t) = T(t) in I n I H [t ,oo). Similarly, if a < a, then f (t) = T(t) 
in / n / n (—oo, to]. Finally, if a < a or b < b, then the assertion follows from 
the above arguments, but with the roles of the mappings T(t) : I — > X and 
r(t) : I — > X interchanged. 
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Proof of Thm. 14.151 Given a strictly increasing C 1 -function /j,(t) : — > 5R 
such that ^(0) = and n(t) — > ±00 as t — > ±00, let the corresponding vector- 
valued function A(t) = (Ai(t), A2(i)) : 3? — > 5i+ be defined componentwise such 
that Ai(i) := exp(i //(£)) and A2(t) = exp( — ~ /u.(t)) , both for all f e S. Let 
/ denote the set of all values t G Jf such that the vector A(t) corresponds to a 
classical solution r(t) € X(G) n G 3: ^ of Prob. 14.31 satisfying the requirement 
(|150[) for some value r = r(t) > 0, where we assume in (|150[) that /i = fi(t) and 
r = r(i). Then 1^0, because € 7 by assumption. According to Lem. 14.231 
there exists a uniform constant <5o > such that for any t E I and any classical 
solution r(r) € X(G) n G 3 ' ~ Q of Prob. IQlat A(r) (and for a suitable unit vector 
v = v(t) and sufficiently small S > 0), the pairs 

r« a (r) :=M w (T(r)) and r_„ 4 (r) := M- V s(T(t)) 

constitute respective strict classical upper and lower solution-pairs for Prob. 
Ol at A(i) for any t G 7 5 (r) := (r - <5, r + 5), uniformly for 5 € (0, So). In 
view of this, it follows from Thms. 13.121 13.131 and 13.161 and Lem. 14.211 that 
if Sq > is sufficiently small, then for any r € I, any S € (0, <5q], and any 
t G -^(t) := (r — <5, r + S), there exists a classical solution T(t) eXn G 3, e of 
Prob. [4^1 at A(i) such that 

M_ 4o „(r(r)) <r(t) <M w (r(T)), 

and such that the condition f|l 50[) is satisfied by setting fj, = fi(t), T = T(t), and 
such that r = (1/2) r(r). In this context, it follows by Lem. gT2H Eq. (|2TU|) . 
that 

r(t) < M ah „(r(t)) < r(t + /i) < M^ hu (r(t)), (223) 

for all t, (t + h) G 7,5 (r) such that h > is sufficiently small (and for a suitable 
unit vector v — v(t)), from which it follows in the limit as h — ¥ 0+ that the map- 
ping r(£) : I§(t) —> X(G) n G 3, ® is strictly monotone increasing (in terms of the 
natural ordering of solutions T(t) in X(G)) and locally Lipschitz-continuously 
varying (in the sense of the Hadamard distance between the components of 
arcs in X(G)). In view of this, it follows from Lem. 14.251 that 7 is actually 
an open interval and that {T(i) : t G 7} is a strictly monotonic and Lipschitz- 
continuously- varying solution family (see Def. 14.91) , which continues in either di- 
rection for as long as the individual solution-pairs remain inside G. On the other 
hand, by Thm. 14.4( b). the set 7 is bounded, and is therefore a bounded open 
interval: I = {t~ 7 t + ) (with endpoints t such that t~ < < t + ). Obviously 
if Cl(f2(r(i+)) C G or if Cl(fi(r(*-)) G G, then the strictly monotonically or- 
dered, Lipschitz-continuously varying solution family can be extended, leading 
to the contradiction that the open interval 7 is not maximal. Therefore, the 
maximal interval is characterized by the properties that Cl(r2(r(t ± )) n dG ^ 0, 
whereas Cl(fi(r(*)) C G for all t G (*",*+). 



74 



5 Arc-length and total curvature estimates 

5.1 Main operator and fixed-point estimates 

Theorem 5.1 (Main arc-length and total curvature estimates for the operators 
T e ) In the context of Defs. \jTE and 1 2. 91 for any T = (Ti,^) G X and e € 
(0,£o) (where e := min{l/2, (A 2 /2Ai)} throughout this paper), we let T e (r) = 
(T £)1 (r),T £ , 2 (r)) = * e o* e (r), where T £ (resp. denotes either T+ (resp. 
*+ ) or (resp. *~ ). Then: 

(a) We have T Ei j(r) € X for either i = 1,2, any T :— (Ti,r2) € X, and any 
sufficiently small e € (0, eq). 

(b) There exist constants A,B,C,H > 1 sufficiently large (depending only on 
A, A, A\, and A2) such that for any h € (0, 1/2), we have 

K{T E ,i(T)) < K(T t ) + \K Ki + [Ah - l)K{T t ) + B/i||r<||] (e/h) (224) 

+HR(T ll T h , l )(e 2 /h), 

\\T e ,i(r)\\ < ||rd| + [lir^ii + c/t^ro-Hr.ii]^) (225) 
+ffi?(r l ,r M )(£ 2 /M, 

« = 1,2, both uniformly for all curve-pairs T £ X suc/i i/iai 1 1 1 1 , K (Ti) < oo 
and for allO < e < e {h) := min{e ,/i}, whereT h ,i := ^^(r), K hil := K(T hti ), 
and R(Ti,T h ,i) := max{||ri||, Hr^H, i^, .Kfc,*}. 

(c) For i — 1,2, and for any functional F : X — > -ft of the form: F(Ti) :— 
XK(Ti) + ^uHTill, with A, /i > and A + ji = 1, it follows from Eqs. \221$ and 
(Ma)) that 

F(T e ,i(T)) < F(Ti) + F(T hji )(e/h) 



(226) 



- ((1 - Ah) - (At/A)C/i) AA-(r<) + (1 - (X/fi) Bh)fi\\T z \\\ (e/h) 

+HR(T i ,T h>i )(e 2 /h) 
for i = 1,2, e € (0,e o (/i)], and T G X smc/i £/iai ||rj||, if (I^) < oo. 

/aV in we define: 

2C 



X 



and 



y/A 2 + ABC - A 



VA 2 + ABC + 2C-A ~ ' VA 2 + ABC + 2C - A 
Then the values A, fj, > are such that A + fx = 1, 



(227) 



A + (n/X)C = {X/n)B = P Q := (A + ^A 2 +ABC)/2 > 0, (228) 

and A, [i > (2/LPq), where L denotes the denominator in {227^ . It follows from 
Mb)) and that for any h € (0, 1/2), we have 

F(T Bli (T)) < F(Ti) + [F(T h ,i) + (P h - l)F(Ti)] (e/h) + HR(T h T h .i)(e 2 /h), 

(229) 

for i = 1,2, all e £ (0, eo(h)], and all T 6 X such that \\Ti\\, K(Ti) < oo. 
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Theorem 5.2 (Arc-length and total curvature estimate for fixed points of the 
operators T £ ) (a) In the context of Thm. I5.il choose a value h £ (0, 1/2) such 
that 2Pgh < 1. Then there exists a value io(h) £ (0,So(h)], depending only on 
A,A,Ai,A2, and h, such that 

F{T £ ,i{T)) < FiT,) + (2F(3> hti {T)) + (2hP - l)F(r,)) (e/h) (230) 

for £ = 1,2 and any e £ (0, io(h)] and T £ X. 

(b) Let Y be the invariant set in Def. \2.11\ such that T e : Y > Y for e £ (0,£i], 
where £i £ (0,£o) and T £ denotes either Tf or T^T. Let be given h £ (0, 1/2) 
such that 2Poh < 1 and < io(h) < £\. Then for any e £ (0,io(h)], T e has 
a "fixed point" T £ e Y (see Thms. EH and WJ^) such that F(T Eji ) < oo for 
i = 1,2. 

(c_j -For any s £ (0,£o(/i)] and any fixed point T £ :— (r £j i,r £i 2) £ Y o/T e swc/i 
i/iai -FfT^) < oo, i = 1, 2, it follows from h230\) that 

(1 - 2W^,)F(r Sii ) < 2F($ M (T B )) (231) 

for i — 1,2. In view of Lem. \2.32\ there is a constant M[h) such that 
F{§ h .i(T e )) < M(h) for i= 1,2, e £ (0,i (h)], and all fixed points T £ £ Y of 
the operators T s . In view of this, and the estimate: A,/i > (2/LPq) (see Thm. 
\5lVd) ), it follows from Wjty that 

(2/LP )max{||r £ , l ||,X(r e ,0} < F(T £<i ) < (M (h) / (1 - 2hP )) (232) 

for i = 1,2, all e £ (0,£o(/i)] } and all fixed points T £ ^ £ Y of T £j i such that 
F(T e ,i) < oo, i= 1,2. 

Corollary 5.3 (Further estimates) In Prob. \2.2\ and Def. \2.5[ let the functions 
ai(p),a2(p) be replaced by the related functions o»(p) := nai(p), i — 1,2. TTien 
in Thms. \5.1\ and \5.2l the estimates {221$ - \23%) continue to hold, where the 
constants A,B,C are replaced by the new constants (A/k), {B/k), (C/k). 

5.2 Length and turning-angle estimates for arc-partitions 

Definition 5.4 ( Operator and polygon notation) (a) In slightly revised notation 
from Def. \2.9\ for any e £ (0,£o) and any arc T £ X E , we define the arcs 
T £ ,i = ty £ _i(T) := 9G £j i(r), i — 1,2, where the sets G £t i(T), i= 1,2, are defined 
in Def. \2.8i We observe that G £t i(T) = G £ ^(T e A , i = 1,2, where we define the 
arcs f £ii := dG £>i (T)) (see Def.\2^and Lem. WJT\) . Observe that ||f M || < ||r|| 
and K(T £t i) < K(T) for £ = 1,2 (see ). In view of this, it suffices to Prove the 
assertions of this section in the special case where T has the properties of the 
arc r £) j. 

(b) Given a fixed, P -periodic (in x), double-point free polygonal arc T £ X, we 
use V(T) to denote the (finite) set of all vertices q ofT, while S(T) denotes the 
(finite) set of all sides LofT (these being straight line-segments ofT which, by 
convention, do not contain their endpoints). 
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Definition 5.5 (Ordering of points of an arcT G X) LetT 6 X be a continuous, 
double-point- free arc. Then for any points Pi,P2 € T, we use the notation: 
"Pi < P2 " to mean that a point traveling in the positive direction (from x = — oo 
to x — +00 ) along T will not pass pi before passing pi . Of course the notation 
"pi < P2 " means that p\ < P2 and that p\ ^ P2- We remark that any open 
segment A z _i of T (i.e. relatively-open, connected proper subset A of T has the 
form: A — {p G r £i j : p\ < p < P2} for suitable points p\,P2 G T. 

Definition 5.6 (A partition ofT e ^ := ^> e ^(T), where T € X is a polygonal arc) 
For each e € (0,£o) and i G {1,2}, each polygonal arc T 6 X, and any point 
p E T E , t := * e ,i(r) (see Def. \t^a)), we set 

n £>i (p) = {q G T : \p - q\ = dist(p,r)}, (233) 

which is clearly a closed, non-empty subset of V . For each side L G S(T) and 
vertex q G V(T), we define 

A e ,i{L) = {pe T Sii : n e>i (p) C L}, (234) 

Be,M = {?e r £ ,, : n £ » = { q } }, (235) 

C e: i — {p S r £i j : II £ .i(p) contains at least two points}. (236) 

Theorem 5.7 (a) For either i = 1 or i = 2 7 any fixed value e G (0,£o), and 
any /ixed P -periodic (in x) polygonal arc V 6 X ; t/ie se4s 

4.(i),ieS(r); B e ,i(«),jeV(r); {p}, P£C £ ,„ (237) 
some of which may be empty, constitute a partition of the arc T £ ^ := \E , £i i(r). 

(b) For each side L € S(Y), A e ^(L) is an open set relative to T e> i. 

(c) For any L G S(T) (resp. q G V(T)), the set A e ^(L) (resp. B £ j(q)) is a 
segment (i.e. connected subset) ofT e i . 

(d) The partition \231^ ofY e i consists of at most finitely many connected sets 
relative to any P -period ofT e i . 

Lemma 5.8 (a) 7/0 ^ H e ,i(p) C L (for given e G (0,eo) } i G {1,2}, polygonal 
arc r G X, p G T Sl i, and L G S(T)), then Ii e ^{p) n L = {q}, where the point 
q G L is the unique orthogonal projection of p onto L. 

(b) For fixed e G (0, Eq) and i G {1, 2}, let p\,p2 G T £ j denote points such that 
Pi < P2 relative to T £ j. Then q\ < q2 relative to T , where q\,q2 G V denote any 
points such that q\ G Tl £ ^(pi) and q2 G H e ^{p2) 

Proof. Part (a) is self-explanitory. Regarding Part (b), let 71 (resp. 72) denote 
the straight-line-segment having the initial endpoint p\ (resp. P2) in r £j i and 
the terminal endpoint q\ (resp. 02) in V. We remark that apart from their 
initial endpoints, the line-segments 71,72 lie entirely in the open set I?3-i(r £ ,i) 
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(due to Lem. I5.12f a)). and that apart from their terminal endpoints, they both 
lie in the open set Di(T) (since \qj — pj\ — dist(p j,TJ). Using these facts, and 
assuming that the assertion is false, we have that q 2 < qi in T. Therefore, the 
line-segments 71 and 72 intersect at a point r. For otj = — r | and j3j — \qj — r\, 
j = 1, 2, we have a\ + pi < a\ + p 2 , since no arc joining pi to T is shorter than 
71. Thus P\ < 02- It follows that \p 2 — qi\ < a 2 + Pi < a 2 + P 2 — dist(p 2 , T), a 
contradiction. 

Proof of Thm. 15.71 (b). (The sets A e ^(L) are open (relative to T Ej i)). For 
fixed e £ (0,£o) and i £ {1,2}, let po denote a point in A e ^(L) for some fixed 
L 6 S{Y). Then =^ H e:i (p ) c L. Therefore H £: i(po) = {qo}, where qo denotes 
the unique orthogonal projection of po onto L and therefore the unique point 
closest to po in L (see Lem. 15.8( a)). Clearly, we have \q — po\ > \qo — Po\ f° r a h 
points q 6 T \ L, since U e _i(p ) C L 

(see (|2341 12351 and (|236p ). Since the set r \ L is closed, it follows that there 
exists a positive constant ?7o > (depending on po) such that |<7 — po I > ko — Po| + 
770 uniformly for all points q £ T\L. Therefore, for any point p £ T £ ^ such that 
|p— Pol < (?7o/3), we have that \p-q \ < (\po-qo\ + \p-Po\) < (bo-<7o| + (W 3 )) 
and|p-q| > (|po-g|-|p-Po|) > (bo -qo\ +Vo) - \p~Po\ > (|po-9o| + (2t? /3)) 
for all q G T \ L, from which it follows that p £ A £ ^(L). This completes the 
proof that the set A £y i(L) is open relative to r £j i, since po is arbitrary in A e ^(L). 

Proof of Thm. 15.71( c). (The sets A £ ^{L), B £t i(q) are connected)) To prove 
that the set A £ ^ :— A £ ^{L) (which is open relative to T £: i) is connected (for 
any fixed e £ (0,£o) and i € {1,2}), we will show that A e j = I £ ^, where J £j j 
denotes the smallest open arc-segment of T £ j containing A £ j. For any point 
p £ I Sl i, there exist points pi,p 2 € A £ ^ such that and pi < p < p 2 . Thus, for any 
q £ TL £t i(p) we have qi < q < q 2 (by double application of Lem. 15.8T b) V where 
Ue,i(pj) = Uj} C L, j = 1,2. Thus Ile,i{p) C L, whence p £ A £:l . Thus A £:l 
is connected. Finally, regarding the connectedness of the set B £t i(q), it follows 
from Lem. 15.8T b) that for any points pi,p,p 2 £ T £ ^ such that pi,p 2 £ B £t i{q) 
andpi < p < p 2 in terms of the natural ordering in r £j i, we have that p £ B £ ^(q). 

Lemma 5.9 For fixed e £ (0,£o) an d i £ {1,2} and any fixed double-point- 
free polygonal arc V £ X, there exists a value p > such that for any point 
p £ T £ j := ^ £ .i(r) and any distinct points qi,q 2 £ H £ _i(p) C T, we have 

\qi - ©I > p- 

Proof. If qi,q 2 £ V(T), then \qi — q 2 \ > pi > 0, where pi > is the minimum 
distance between distinct vertices of T. We assume for the remainder of the 
proof that qi £ Li for some side Li £ S(T). Then q 2 ^ Cl(ii), by Lem. 15.8( a). 
If q 2 does not belong to either of the sides of T which are adjacent to Li, then 
|qi — g2 1 > Pi, where p 2 > is the minimum distance between non-adjacent sides 
of r. Finally, assume q 2 belongs to a side L 2 of T which is adjacent to L\, Then 
it is easily seen that \q 2 — qi\ > 2\p— q 1 |sin(|6'|/2), where \p — qi\ > (e/a(p)) > 
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[e/ A) and 9 £ (— tt, 0) is the turning angle of the forward tangent to V at the 
common vertex of L\ and £2- Therefore \q2 — q\\ > P3 := (2 6e/ v4 ) > 0, where 
6 is the minimum of sin(|0|/2) over the turning angles of T at all vertices of T. 
We remark that in all three above cases, the (strict) positivity of the constants 
Pi,P2, Pz depends on the P-periodicity of the fixed polygonal arc T £ X. This 
completes the proof, where we set p = mm{pi, p2, p%}- 

Lemma 5.10 For fixed e £ (0,£o); i € and any fixed polygonal arc 

r £ X, the set C £ ,i contains at most finitely-many points relative to any P- 
period (in x) of the arc T e ^. 

Proof. Let pi,pz," • ,p n denote n > 3 distinct points of C e ^, restricted to one 
P-period of T e ^ . We can assume that p\ < P2 < ■ ■ ■ < p n in terms of the natural 
ordering on r e ,i, where p n = pi + (P, 0). By Lem. 15.8( b). there exist points 
qf 6 IL e ,i(pj), j = !,••• ,n, such that 

?r < if < <h < it < ■ < «n-l < Vn-l < Qn < In • ( 238 ) 

For each j = 1, • • • , n, the arc-segment jj of T which joins qj t o qj ' (without 
intersecting the other points) has length ||7j|| > p, due to Lem. 15.91 This is a 
contradiction unless n < p). 

Proof of Thm. 15. 7\ Parts (a) and (d). Taking Lem. I5.8f a) into account, 
Thm. I5.7f a) simply re-expresses the fact that for any fixed p £ r e ,i, exactly one 
of the following three alternatives is true: (i): H £j i(p) is a one-point set contained 
in one of the sides L £ S(T), or (ii): U Eti (p) is a one-point set containing one of 
the vertices q € V^(r), or (iii): U e> i(p) is not a one-point set. Concerning Part 
(d), the partition (|237[) of T e i consists of finitely many connected components 
per P-period of T eA , since each L G S(T) (resp. q £ V(T)) corresponds to at 
most one connected set A e ^(L) (resp. B eji (q)) of T Ei i, and since the set C £t i 
contains at most finitely-many points per P-period. 

Lemma 5.11 (Arc-length and total curvature estimates for the image of a line- 
segment) In the context of Def. \5.4\ for given i £ {1,2}, e £ (0, eq), and any 
given P -periodic polygonal arc Y £ X, let 7^ denote a (connected) arc-segment 
of the arc T Br i :— ^ e ^(T) which projects orthogonally onto a connected segment 
I of a straight-line-segment LofT. Then there exist constants C\ := (2 A\ / A?) 
and C 2 := ((2 AA 2 + AA\)/ A 3 ) < ({2A + 8S)A 2 / A 3 ) such that 

7e,i = {( x ,Ve,i( x )) : x e I}, 

in suitable Cartesian coordinates (such that I = (a, (3) x {0} C T and uj e _i := 
{(x,y) : < y < y £ri (x),x £ 1} C D,(T £ ^)), where y = y e ,i(x) : I -> 3? is a C 2 
function such that 

\y' Eii (x)\ < Cie and 1^(1,^(1))! < C 2 e (239) 
for x £ I . Thus, we have 

WleA\ < Jl + CW\\I\\ < (l + (Cf/2)s 2 )\\I\\ (240) 
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and 

K(j £ ,i) <C 2 || 7M || <C 2 ||7||e, (241) 



where C 2 := C 2 y/l + C\ e\ < V2C 2 . 

Proof. For convenience, we fix the index i £ {1,2} and suppress the subscript 
"i" in the following notation: We consider the equation: 

cf>(x, y) := y a(x, y) = e, (242) 

where we assume a € .4., x € 5K and y > 0. By the intermediate value theorem, 
(|242[) has at least one solution y — y £ (x) for each x. Any solution must be such 
that 

(e/A)<y e (x)<(e/A). (243) 

We have 

4> v {x,y) =a + ya y > A- {Ate /A) > (A/2) (244) 
for < y < (e /A) and < e < Eq. If e € (0, £o), then the equation: 

y £ (x)a(x,y e (x)) = e 

is solved by a unique C 2 -function y = y e (x) : 5ft — > !K + satisfying the condition 
(|243[) . By differentiation, we have y' E (x) — ((—y £ a x )/(a + y E a y )). In view of 



(|244p , it follows from this that 

\y' 6 ( x )\ ^ {{Mye{x))/{A/2)) < C\e, 
for < e < £o, where CiEq < 1. 

To estimate the curvature n e (p) of j e at p € j e , we use the formula: n(p) = 
— (tpT-T- / , where r points in the tangent direction on j e , and v is the corre- 
sponding exterior normal (to oj £ ). We have 

<t>T = y-r a+ya T = 0; 4> v = |V</>| = y v a+ya v \ (j> TT = y a TT + 2 a T y T . (245) 



It follows from the first two equations in (|245[) that 



|V0| > yjl-y* - y\a v \ = a ^l-(ya T /af - y\a v \ > (a/2) (246) 
for < 2y|Va| < a. It follows from (|246p and the final equation in (|245j) that 
i , m |2/a xx +2y T a T i y |aa TX - 2a 2 I 2y|aa T1 - - 2a 2 | 

Mp)| = — m — = — ^ — - — * — - 2£i 

for all < £ < eo and p e 7 E . 

Lemma 5.12 (Polar- coordinate arc-length and total curvature estimates) (a) 
For any e G (0,£o), any function a € A., and any point p £ £ 5ft 2 such that 
\p £ \a(p e ) = E (of which there exists exactly one on every radial), we have 
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\q\ a(q) < e for all q £ j £) where ^ £ denotes the straight line joining p £ to 
the origin. 

(b) Let the closed arc j £ be the solution set for the equation \p\ a(p) = e, and, 
for any a < j3 < a + 2n, let 7 e (J) denote the intersection of r y £ with the 
polar- coordinate angular sector J :— [a, 0\. Then there exist constants C3 := 
(Ax/ A*) + (4A x eo/ A 5 ) and C4 (depending only on A, A, A±, A2; to be defined in 
H260\) and 1262(1 .) such that for any e € (0, £q), we have 

||| 7e (J)||-( e /o(0))C8-a)| <C 3 ((3-a)e 2 , (247) 

\K( le (J))-((3-a)\<C 4 ((3-a)e. (248) 

Proof. In polar coordinates, the equation <p(r, 9) := r a(r, 9) = e has at least one 
solution r — r £ {9) : — >• 5R + at e > 0, where we have (el A) < r £ (9) < (el A) 
for any solution at e > 0. By differentiation of the function: <j>(r, 9) = r a(r, 9), 
we see that 

<p r (r,9) = a(r,9)+ra r (r,9) > A- A x r > A — (A x /A)e> (A/2) 

for < r < (e/A) and < e < e := min{l/2, (A 2 )/2Ai)}, which shows that 
for each 9 € 3?, there exists exactly one value r £ (9) > such that (r £ (9) 1 9) 6 %, 
and that, for this value, we have (r, 9) € u> £ for all values r £ [0, r £ (9)), implying 
that the region uj £ is simply connected. By the theorem of the mean, we have 

\a(r e (9),9)-a(0)\ < A x r E (6) < (A 1 /A) e, (249) 

and it follows by substituting the equation r £ (9) a(r £ (9), 9) = e into (|249[) that 



r £ (9) 



o(0) 



< 



< 



A x e 



\a(0)~a(r £ (9),l 
a(r £ (9),6)a(0) ^ a(r £ (9), 6) a(0)A' 



a(r £ ,6) a(0) 
from which it follows by multiplication by e that 

\r £ (9) - (e/a(0))\ < (Ax/ A) (e 2 /a(r £ (9),9)a(0)) 



(250) 



for all 9 and < e < £0. The exterior normal v £ to the arc j £ := {r(p)a(p) = e} 
at any point p £ £ "f £ is given by 

V(ra) v a + (r/a)Va 
Ve = fVM| = \u Q + (r/a)\/ay 

where Uq — (p/r) and V(r a) is evaluated at p £ . It is easily follows that tan(</>) < 
2(Ax/A) r for 2r Ax < a(p), where is the angle between Vq and v £ . Therefore, 
we have 

1^(0)1 < 2(Ax/A)r 2 £ (9) <2(Ax/£)e 2 (251) 

whenever 2 r Ax < a(p) for r a(p) — e, as always occurs for < e < Sq. By (|250p 
and (|251[) . we have 



r £ (9) ^l+(r' £ (9)/r £ (9)f-(e/a(Q)) 



(252) 
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< r e (9) {^l + {r'M/re{eW-l) + \r e (9) - (e/o(0)) | 

<r £ (9)(r'(8)/r £ (9)) 2 + \r £ (9)-(e/a(0))\ 
< (e/A)(2A 1 e/A 2 ) 2 + (A 1 e 2 /A 3 ) <C 3 e 2 . 
The first assertion (|247l) now follows from (j252[) . in view of the identity: 

\he(J)\\ = f Te{eUl + {r' e {9)/r e (9)) 2 d8 



We now turn to the total curvature estimate (|248|) . For any specified point p £ e 
7 £ , one can choose new Cartesian coordinates (x, y), with the origin unchanged, 
such that p £ — (x £ ,y £ ) and 7 £ is locally (near p £ ) the graph of the function 
y = y £ (x) such that p e — (x £ ,y £ (x e )) and y'(x £ ) — 0. By twice differentiating 
the equation: r(x,y £ (x)) a(x,y £ (x)) = e, and using the identities: r x = x/r, 



= y/r, 



— y 2 / r 3 ; and y'{x £ ) = 0, one sees that 

y' £ (x) = r x a + ra x = (x/r) a + a x r = 0, 

_ (y 2 /r 3 ) a + 2 (x/r) a x + r t 



r y a + a y r 



(y/r) a + a v r 
1 (1 - (x/r) 2 ) a + 2 r (x/r) a x + r 2 a xx 



(253) 
(254) 



r a y/1 - (x/r) 2 +a y r 

(MA) < (|Vo|/o) r < (A 1 /A)r < (AJA 2 ) e. (255) 

for x = x £ , y — y £ . By using (|255|) (which follows from (|253[) ) . one can show 

that _ 

ay/1- (x/r) 2 + a y r> ((V3-l)/2)a> (1/3) a (256) 

for < e < e . It follows from (|254]) . (1255]) . and (f256|) that 



ry"(x) 



\J\ - (x/r) 2 + a y r 



< 



(a(x/r) 2 + 2 \a x \ \x\ \x/r\ + \a xx \ r 2 ^. 



for x = x £ , y — y £ , and < e < Eq. We also have, due to (|256l) . that 



yfl - (x/r) 2 + a y r 



< 



[(x/r 



(\a y \/a)r 



(257) 



(258) 



for x = x e , y = y £ , and < e < £o, and it follows by combining f|25T[) and (|258l) 
and estimating the terms that, for the signed curvature n £ (p) of j e , we have: 



\r Ke (p)-l\ <C 5 e, 
uniformly for p e j £ and < e < Sq, where 



C 5 := 



(3M 6 ) ( 



A 3 A 1 



AAi + A 2 A 2 + A;'A 2 



so + ZAf e 2 



(259) 



(260) 
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It follows that 

r e n e ^l + (r'Jr e f-\\ <r e \n e \ (V 1 + {r'Jr s ) 2 - l) + \r e K e - 1| (261) 

< r £ M (r' £ /r e ) 2 + \r e n e - 1| < (1 + C s e)«/r £ ) 2 + C 5 e < C 4 £ 
for < e < eo, where we set 

C 4 := ((1 + C 5 e ){2A 1 /A 2 ) 2 e + C 5 ) . (262) 

The assertion (1248[) follows from (|261l) . in view of the fact that 

P 



K{i s {J))= / r s {9) Ks (r s {9), 6) ^1 + (r' E (0)/r E (9)) 2 d9. 



Lemma 5.13 (Turning- angle estimate) For given e G (0,£o) and for any given 
P-periodic polygonal arc T G X, let T e j := $ e ^(r), i = 1,2, (see Def. |5.^[ ). 
TTien £/ie following assertions hold: 

(a) The arcs T E ,i are piecewise- smooth, P-periodic, simple arcs. In fact for 
i = 1,2, r £i i is a C 2 -arc except at a collection of "vertices" located in the set 
C £i i C F St i (see Defs. \5.4\ and \5.b\ and Thm. \5. 7| ), where the set C B; i contains 
finitely-many points relative to any P -period (in x) of the arc T E ^ 

(b) Given a particular point p e ^ £ C £ j C T e<i = ^ e i (T), in terms of the natural 
ordering in T, let q~ { (resp. q^) denote the maximal (resp. minimal) point in 
r such that q~i < q < q Ei for all points q € n £j i(p Ei i) C T. Then the turning 
angle 2l e , i{p e ,i) ofT £ ^i at the point p e ^i G C e ,i C T e ^ is such that: 

|St e ,i(p«,i)| < (1 + C 6 e) <l>(i>t,i,K,i), (263) 

where C 6 := (6A 1 /A 2 ), £>f ti := ((p e>i - qf ti )/\p E ,i - qfj), and (j)(v 1 ,v 2 ) denotes 
the counter-clockwise turning angle from the unit vector V\ to the unit vector 

V2- 



Proof. Concerning Part (a), we observe that Y z ^ is the double-point- free 
boundary of a closed, simply-connected, P-periodic (in a:) domain (see Lems. 
12.201 and !2.2ip . The smoothness of the arc relative to 5ft 2 \ C e ^ follows from 
Lems. 15.111 and I5.12L At this point, the assertion follows by Thm. 15.71 

We turn to the proof of Part (b): In terms of the natural ordering of points 
in the arc T eyi (for fixed e <E (0,£o) and fixed i G {1,2}; see Def. 15.51) . the 
point p £t i is the terminal (resp. initial) end-point of an arc-segment i yJ i (resp. 
7+J in r £ii . Here, we can assume 7^ = B(q^ i ) C T Eti if q+ A G V(T.i) and 
that 7+ = A{L+ t ) C r e , 4 if qti G G 5(r<). Similarly, we can assume 
%,i = B{qld C T s ,i if g" G V(Ti), while 7 ". - A(L~.) c T s>i if g", G L~. G 
SiTi). Then 7^ is a portion of the level curve at altitude e of the function 
r%(p) a l (p), where rf ^p) := \p - qf t \ if qf t G V(Ti) and rf ^p) := dist(p, L^) 
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if q ei € L e i 6 S(Ti). The upper normal i/ E j to the arc j e i C T at the point 



P^i e is S iven b y : 



<i ■■= ,„) ± ' , = , £ 'V (264) 



where 

:= ((PM ~ <£0/|PM - 9± I) = Vr± (p Bli ), (265) 

fr e ,i := (^i(p e ,i)Vat(p e) i)/ai(p e ,t)) = (e Va. ( (p^ 4 )/a 4 2 (p e ^)) . (266) 

One can verify that \£>f t \ = 1 and |ft £ji | < (e |V ai(p e ,i)\/a% (p s>i )) < (^i/J 2 ) e. 
It follows from ([2"Mp . ((2%|) . and ((2l)6l that the equation: 



tan (0± - 0± = _L*l! ^ (267) 



is satisfied by setting 0^ := arg(i/^ = i ), corresponding to 0^ := arg(i> E f ), and 
V> E ,i := arg(h El j). It follows from (|267l) by differentiation (holding ip e i fixed) 
that 

c ^ 2 { d % gO Mfe - gO + |fe e ,il (268) 

90% (l + l^lcos^-^)) 2 

It follows from (f268]) that 

(1 + |^|)|^| 
- 1 + /, iu ^ < I 1 + 6 I^mI) 

(1- l^e.il) 



for |h e ,i| < 1/2, independent of 9^., from which it follows by the theorem 
of the mean that 

le+i-e^il < (1 + 61^1)1^-^1 < (l + (6A 1 /A 2 )s)\§+ i -9- i \ (269) 

for \h £t i\ < {Ai/Aj)e < (1/2), completing the proof of Part (b). We omit the 
straight-forward proof of Part (c) . 

5.3 Proofs of main estimates 

Lemma 5.14 (Main estimates for the operators ^ s ,i) Let the periodic arc-pair 
T = (ri,r 2 ) e X be such that \\Ti\\,K{Ti) < oo, i = 1,2, where \\-\\ (resp. K{-)) 
refers to arc-length (total curvature) relative to one P -period (in x). Then: 

\\T e ,i\\ < (1 - (e/hMTiW + (e/hW^W = UAH + (||r M || - miDie/h), (270) 

^(r e>i ) < (1 - (e/h))K(Ti) + {e/h)K{T h ,i) (271) 

= K{Ti) + (K(T hti ) - K{Ti)) (e/h), 

for i = 1,2, and for all < e < h < 1, where we set T s i := $ e .i(r) and 
r h>i ;=$ hti (T). 
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Proof. Given T e X, let = Q(T). For j = let w = F(x + jy) 

be a continuous, periodic mapping of the strip 5ft x [0, 1] onto Cl(fi), whose 
restriction to 5ft x (0, 1) is a conformal mapping onto il. For the proof of (|271[) . 
we assume w.l.o.g. that Q is sufficiently regular, so that the harmonic function 
f(x, y) := arg(F'(x + jy)) : 5ft x (0, 1) — > 5ft extends continuously to 5ft x [0, 1]. 
The total curvature of the level curve of U(T;p) corresponding to the line L y := 
[0, 1] x {y} is given by k(y) := K{T y ) = J Q L g(x, y) dx for y £ [0, 1] where 
g(x,y) := \f x {x,y)\ is sub-harmonic, and where L denotes the period of F. 
Thus 



for all y £ (0,1), where A denotes the Laplace operator. The assertion (I27ip 
follows directly from this. The assertion (I270[) follows by the same argument, 
but with g(x,y) := \F'(x + jy)\ (which is again a sub-harmonic function). 

Lemma 5.15 (Main estimates for the operators ^ e ,i) There exist uniform con- 
stants A, B,C, D, and E, depending only on the uniform constants A, A, A\, 
and A2, such that 



both uniformly for all e £ (0,£o) and all P -periodic (in x) arcs V £ X £ . Here, 
for any e £ (0, £o), the mapping: ^(r) : X — > X is defined by any one of the 
following rules: Either *"(r) = 0G e ,i(r), or *+(r) = dG £i2 {T), or *"(r) = 
dH e<1 (T), or else *+(r) = d H S>2 (T) for allT£X (see Def. \k® . 

Proof. For any fixed e £ (0,£o), we use v I / £ (r) : X — > X to denote a map- 
ping defined by either one of the following rules: Either ^"(r) = 9G Ej i(r) or 
\l/+(r) = <9G Ej 2(F). For any given P-periodic (in x) polygonal arc r £ X, we 
define the arc T e := ^(r) £ X. Then T e can be partitioned according to Thm. 
I5J1 (Eq. (|237l> ). Concerning the arc-length estimate, Eq. ([272]), the length 
of one P-period (in x) of the arc T e is the sum of the lengths of the disjoint 
connected components: A e (L) and B e (q) corresponding distinct sides L £ SiT) 
and vertices q £ V^(r), all restricted to one P-period (in x) of the arc T. In view 
of Lem. [5TT1 Eq. ptol) and Lem. IS~T2l Eq. (j247| . it follows that 



r e || = ||* e (T)||< (1 + (CY72) £ 2 ) £||L|| + ((eM) + C 3£ 2 ) (274) 

< (1 + (C 1 2 /2)e 2 )||r|| + ({e/ A) + C 3 s 2 ) K(T) 
< \\T\\ + CK(T)e+(D\\T\\ + E K(T)) e 2 , 





K($ e {r)) < K(T) + AK(T) + B\\T\\ e, 



(272) 



||* e (r)|| < \\T\\ + C K(T)e+ D\\T\\+EK(T) e 2 , 



(273) 
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where, in (|274p . the first sum is over all sides L £ S(T) and the second sum is 
over all vertices q £ V(T), both subject to the restriction to one P-period (in 
x) of T. Here, we use 21(g) to denote the absolute turning angle of T at a vertex 
q £ r. Thus, the estimate (|273[) holds for any e £ (0,£o) and any P-periodic 
polygonal arc r £ X, where we set C := (1/A), D := C 3 , and E := Cf/2. 

Turning now to the proof of total-curvature estimate (|273[) . we begin again with 
a fixed, but arbitrary, value e £ (0, eo) and a fixed, but arbitrary, P-periodic (in 
x), double-point-free, polygonal arc T £ X, and we partition the corresponding 
P-periodic arc T £ := ^(r) £ X as in (|237j) . Then the total curvature of one 
P-period (in x) of the arc r e equals the sum of the total curvatures of all the 
arcs A £ (L),B £ (q) C T £ corresponding to all the sides L £ S(T) and vertices 
q £ V(T) located in any one P-period (in x) of T, together with the sum of 
the absolute turning angles 2l e (p E ) of T e at all the points p £ located in any one 
P-period (in x) of T e such that p £ ^ £ C £ CT £ (see Thm. 15. 7|) . 

We let (pe,i) i&z denote the sequence of all points p £jJ ; £ C £ , indexed such that 
Pe,i < Pe,i+i for all i £ i £ Z := {0,±1,±2,±3, • • •} (in terms of the natural 
ordering in T £ ). For each i £ Z, we define the three arc-segments 

7e,* = {?er £ : p e ,i-i <P< Pea); %i = {q e r : q~ ti < q < q+t}, (275) 

ie,r = {q£T : t?+ i _ 1 < q < c?~J, 

where the points q^ i £ T are chosen such that q~ i is maximal and q^ { is minimal, 
both in terms of the natural ordering in V and subject to the requirements that 
q~ i < n e (p £j i) < q^, t . Obviously the points and arc-segments p e .i and 7^, 
i £ Z (resp. the arc-segments and i £ Z) constitute a partition of 
the arc T e (resp. T) such that, in terms of the natural ordering in T £ (resp. 
T), we have j Sii < p e>i < J e ,i+l for all i £ Z (resp. % fi < % ti < 7 e , 4+ i for all 
i £ Z). Due to the P-periodicity (in x) of the arc T £ £ X, there exists a natural 
number n = n(e) £ N such that p £ .i+n = Pe.i + (P 0) for all i £ Z, where the 
same sequence of equations also holds with p £ ^ replaced by the points qf i or 
the arc-segments 7^, j et i, or 7 £j ,;, etc. Finally, we have 

n E (p M ) C and n e (7 £l i) = % ti , (276) 

due to Def. EH and Lem. OTb). In view of (|276|) . it follows from Thm. ISTfl 
(Eq. (|237l) ) that for each i £ Z the arc-segment j St i is the disjoint union of all 
the arc-segments A S (L) and B £ (q) corresponding to L £ S(T) and q £ V(T) 
such that L,{q} C % t i (which constitute a finite partition of 7 E) i). Since each 
arc-segment r ) £: i has no vertices, the total curvature of 7^ must be equal to the 
sum of the total curvatures of the arcs in this partition of 7^. It follows by 
applying the estimates Lem. 15.111 Eq. (|241j) and Lem. 15.121 Eq. (|248l) to the 
individual arc-segments in this partition and 7^ and summing the terms that 

K( l£ ,i) < (1 + de) K(%,i) + C 2 I |7 eji | I e. (277) 
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By Lem. 15.131 Eq. (|263p . the absolute turning angle $l e (Pe,i) of the arc T £ at 
the vertex p £ ^ is estimated by: 

MPe,i) < (1 + C e e) 4,^, v+t) (278) 

for each i £ Z, where C 6 = 6(Ai/A 2 ), 0f ti := ((p Sjj - qf^/\p s ,i - <1%\), and 
where 4>{vi,V2) denotes the magnitude of the angle between the unit vectors 
V\ and I/a. We also use u £i , i € Z, to denote the upper normal to T on the 
straight- line-segment ^ of 7 e ,i, chosen such that qf^ is an endpoint of (Thus 
£'f i — i> ei if q^j is not a vertex of T). Then it is easily seen that 

<t>iKi^e,i) ^ <KK,i,*7,i) + + Wt* Ki)- ( 279 ) 

It is also easily seen that <j>(C''£' i ,£'* i ) = (resp. <j>(t'J i , u £i ) = 0) if the point 
q £i (resp. gQ) is not a vertex of the arc T. On the other hand, if one or both 
of the points qf i are vertices of the arc T, then 

o < vt ti ) + <KK ti > Ki) < %(£i,QZd> ( 28 °) 

where 21 (gjf j) denotes the absolute turning angle of the polygonal arc T at either 
of the vertices qf t £ T, and, in terms of this, we have 21 (q^, q~ { ) := 2l(g+ i ) + 
) whenever the vertices g^, q^ i € T are distinct, whereas 2l(gJ~ j5 g^) := 
2l(<j£"j) = ^(gjj in the case where the points gjr^ £ T coincide. Here, we also 
assume that 2l(g^-) = if the point q^ £ T is actually not a vertex of T. 

By combining Eqs. (j2TT|) - (j2"gO)) for each i = 1,2, • • • , n(s), and summing the 
terms, we see that 

n(e) 

K{T e ) < (l+Ae)J2[K(% ji )+K(% ti )+1iL(q+ i , q - i )) +Be ^|| 7M || (281) 

i=l i=l 

< (1 + Ae)X(r) + P||r||e, 

where A := max{ C^Cg} and B := C2. Finally, we conclude from (|281|) that 
the inequality (|272j) holds uniformly for all e £ (0, £0) and all P-periodic (in 
a;) polygonal arcs T g X, where the constants A and P» are independent of 
e G (0, £0) and the particular choice of the polygonal arc T £ X. 

It remains to extend the estimates (|272[) and (|273[) from the polygonal case 
discussed above to the case of all P-periodic (in x), double-point- free smooth 
arcs T £ X e , where T e := 5 , e (r) denotes either one of the arcs 9G Ej i(r), i = 1,2. 
To this end, given any smooth arc r £ X e , we can choose a sequence (r„) 
of P-periodic polygonal arcs in r„ £ X such that 

(i): for each n £ N, the vertices of the arc T n all lie in the arc T, and are 
positively-ordered relative to the natural ordering in both T and r„. 



87 



In view of (i), the sequence (r n )^°_ 1 consists of double-point- free arcs such that 
||r„|| < ||r|| and K(T n )<K(T). (282) 
In view of (|282[) . it follows from (|274l) and (|28ip that for any e € (0, e ) we have 
limsupp e (r„)|| < ||r|| + CK(T)e+(D\\T\\ + EK(T))e 2 , (283) 

n—too 

hmsupif(* e (r n )) < (l + As)K(T) + B||r||e. (284) 

Now, we can also choose the sequence (r n )^° =1 , subject to (i), such that T n — > 
r £ X e as n — >• oo. Therefore, there exist arc-sequences (1^)°^ in X e such 
that (ii): r~ < T, T n < T+ for all n e iV, and such that "(Hi): T+ | T 
and r~ j" r, both as n — > oo, where f and 4- refer to monotone and uniform 
convergence. In view of Lem. I2.14f d)(e) and Lem. I2.23f a)(c). it follows from 
(ii) and (iii) that (iv): *-(T~) < «7 (T n ) < *+(T n ) < *+(r+) for all n e N, 
and that (v): *j(r~) t *j(r) and #+(T+) | *+(r)), both as n -> oo, and 
it follows from (iv) and (v) that ^(I^) -» ^(r), both as n — » oo, from 
which it in turn follows that (vi): ||* e (r)|| < limsup„^ 00 11^(^)11 and (vii): 
K(W e (T)) < limsup^^ K (* e (r n )). In view of (vi) an (vii), it follows from 
and (j2"gl)) that the assertions ([272]) and ([2731 n °l d in tne cases where 

$ c (r)^±(r),rex, 

Finally, it remains to extend the estimates (|272j) and (|273j) to the remaining 
cases, in which, in terms of Def. I2.8| the notation vE , e (r) refers to either one of 
the mappings: V~(T) = dH e>1 (T) : X -> X and *+(r) = dH £ . 2 {T) : X -> X. 
To accomplish this, we observe that H e i(T) = Daefo e) Cl(G Qi j(r)) for every 
£ € (0,£o), i = 1,2, and T € X e . Therefore, for any e g (0,£o) and T € X e , 
we have that *„(T) -> **(r) as a | £, from which it follows that ||*^(r)|| < 
limsup||*±(r)|| and K(^f(T)) < limsupif (*±(T)), both as a f e. In view 

of this, the asserted extensions of (|272[) and (I273[) to the cases \& E (r) = *g (T), 
r G X £ , follow from the previously proved cases. 

Proof of Thm. 15.11 Concerning Part (a), we refer to Lems. 12.201 and 12.211 

Concerning Part (b), we obtain the estimates (|224l) and (|225l) in more detail. 
By successive application of the estimates (I270[) . (I271[) . and (|272|) . we conclude 
that: 



K{T e<i {T)) = tf(¥ eii (r e ,0) < (1 + Ae)K{T e<i ) + B \\T eti \\e 



(285) 



< (i+As) A-(r 4 )+(if(r M )--K'(r i ))(e//i) 



-B 



|r i ||+(||r M |H|r i ||)( e // l ) 



<K{T l )+ K{T h ^ + {Ah-l)K{T i )+Bh\\T i \\ (e/h) 



A(K(T hti ) - K(Ti)) + B (\\T hti \\ 
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for i = 1,2 and < e < eo(h) '■— rnin{/i, £o}, where we set T £ ^ := <fr £ ^(T) and 
I\i := $ft^(r). Similarly, one successively applies (|270[) . (|27ip . and (|273[) to 
show that 

\\T e ,i(T)\\ < \\Ti\\ + [\\T h>i \\ - \\Ti\\ + ChK(T t )\ (e/h) (286) 

C (K{Th,%) ~ K{?i)) + Dh\\Ti\\ + EhK(Ti)] {e 2 /h) 

D (||r M || - Hr.,11) + E (K(T hti ) K(T t ))] (e 3 /h), 

for i = 1,2 and < £ < £ (/i) and I\j := <&fo,i(r). The estimates (|224p and 
(j2"2"5)l follow from this. 

Turning to the proof of to Thm. ICTc). we set F(I\) := \K(T t ) + fi\\Ti\\, for 
i = 1,2, and we combine the Eqs. (|285[) and (|286[) to see that 

^( r E,i(r)) < F(Ti)+ \F(T hj i) + (X(Ah-l)+fj,Ch)K(T i ) + (XBh-fi)\\Ti\\\ (e/h) 



[\A+iiC)+iiEe K{T hii )-K{Ti) (e 2 /h) + 



XB+fiDe 



D\\Ti\\+EK{ri 



for i — 1,2 and < £ < eo(h), which generalizes (|226l) . 



I^n-iir.nj^/ft) 

(287) 



Finally, concerning Part (d), by choosing the values A, /i > such that A+/x = 1 
and A + (/i/A)C = (A//i)B, we obtain the inequality 



F{T Sti (T)) < F(T t ) + [F(T hti ) + (P Q h - l)F{Ti)\ (e/h) (288) 
\A + n{C + E)]K{T hti )(e 2 /h) + \(\B + fiD-} \\T h ^\\(e 2 /h) 



£>lir,: 



EK(Ti 



valid for i = 1,2 and < e < s (h), where P := ((A + y/A 2 +4BC)/2). It 
follows from (12881) that 



(289) 



F(T e>i (T)) < F(Ti) + (F hti + (P h - l)F(TA)(e/h) 



+ 



(M*F hti + MhF(Ti)^(e 2 /h) 



for i = 1, 2 and < s < e (h), where M* := [A + D + (/x/A)(C + £) + (A///)B], 
M := (D + (jjl/X)E) ) and F M := F(r fc)i ) = F($ M (r)). This is the estimate 
(|229p . given in greater detail. 

Proof of Thm. HHJ By (j289j) . we have that 

F(T e>i (r)) < F(r,)+ f(i + Ar£)F(r M ) + (Af/ l £ + p / l -i)F(r,)l(£//i) (290) 
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for i = 1,2, T € X, and e € (0,e (/i)]. It follows from Eq. ([2"9"0|) that Eq. 
(|230|) holds for i = 1,2, all e e (Q,i (h)], and all T e X, where we define 
s (h) := mia{s (h), (Pq/M), (1/M*)}. Thus Part (a) holds. To prove Part (b), 
we let T £ g Y denote a fixed point of T e which is obtained as the limit of a 
monotone sequence of operator iterates (T £>n )^_ 1 , as in Thm. 12.161 For fixed 

< h < 1/2 and e e (0,e o (/i)], let T e>htn>i := $/,,i(r ei7l ) and T Sih)i := <f> h ,i( T e)> 

1 = 1,2. It is easily seen that F(T £y h.n,i) is finite for each n E N and i = 1,2, 
and that -F(r ei h,n,i) — ^ F(^e,h,i) < oo as n — > oo, i = 1, 2. Therefore, there 
exists a bound M = M(e, h) such that F(r £) fe ir[> i) < M uniformly for all n E N 
and i = l,2. In view of this, it follows from (|230p that for i — 1, 2 and for all 
n E N, we have 

*Xr e ,„+l,i) < ^(T^i) + (2M £ /ft), (291) 

since 2hP^ < 1, and 

e/fc), (292) 

where a n < (1 - 2/iP )-F , (r £ , n , < ) - 2M. It follows from Eqs. (|2UT1) and (g^l by 
induction that 

^(r e ,„,i) < (2Af/(l - 2/iP )) + (2Me/h) (293) 

for i = 1,2 and for all sufficiently large n E N, where M = M(e,h). The 
assertion follows from Eq. (|293[) in the limit as n — > oo. Finally, the proof of 
Part (c), based on Parts (a) and (b) and Lem. 12.321 is included in the assertion 
of Part (c). 

Proof of Cor. HH We have A := max{C 4 ,C* 6 }, B :=C 2 < V^C 2 , C := 
(1/a), D := C3, and E := (Cf/2). In view of this, the assertion follows from 
inequalities in Sections 14.21 and 14.31 by means of the inequalities: A\ < 25 A 2 , 
£q < (1/2), and e < (A 2 /2A 1 ). In fact we have that: 

4Ci = C 6 := (8A1/A 2 ) < {%^25A~ 2 /A 2 ), 
C 2 := [(2AA 2 +AAD/A 3 ] < [(2 A + 8S)A 2 )/A% 
C 3 := {A l /£) + (iAjeo/A 5 ) < (A,/ A 3 ) + (8SA 2 /A 5 )e 
C 5 := 3{A 1 /A 3 ) + 3[((A + A 2 )A 2 1 +A 3 A 2 )/A 5 ]e + (6A 2 1 /A e )e 2 Q 
C 4 := (1 + C 5 £o)(2A 1 M 2 ) 2 eo + C B . 

5.4 Arc-length estimates for thin solutions 

Remark 5.16 The present section is motivated by the search for upper bounds 
for the arc-length per P-period of solutions of Prob. \-j.S\ at the pair X E 
which are uniform in the most general possible sense as A 1; A2 — > 00. Namely, 
this is a natural requirement for satisfying the estimate The first ob- 

servation is that the fixed-point estimates in Thm. \5.S\ are not helpful, because 
they do not hold uniformly relative to arbitrarily thin strips Q(T), as occur in 
the case where Ai,A2 — > 00. This suggests an alternate arc-length study mostly 
restricted to the narrow-stream-limit, as introduced in Section 1.1. 
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Lemma 5.17 (Uniform self- separation property of arcs satisfying In the 

plane Sft 2 , let be given a P -periodic region G having exterior tangent balls of 
uniform radius at all boundary points, and a P -periodic (in x) function a{p) : 
5i 2 ->■ U + in A such that |Vln(a(p))| < B and Aln(a(p)) > H > 0, both 
uniformly in G. For any S > 0, let A4(S) denote the family of all P -periodic (in 
x) directed C 2 -arcs T g X(G), each of which satisfies the condition: 

\K( P ) - {d/dv) ln(a(p)) | < 6 (294) 

for each p G T (see \303\) ), where K(p) (resp. u) denotes the counter-clockwise- 
oriented curvature of (resp. the left-hand normal to) the arc Y a£p G T. (Also, 
each F does not cross itself, and therefore divides its complement 5i 2 \ T into 
two domains (as in Def. \2. Then there exist uniform positive constants 
Sq, ao > such that \p — q\ > cto, uniformly for all T G A4(Sq) and for all points 
p,qGT such that \\^(p,q)\ \ > (tt / (B + 5q)) , where ^(p, q) denotes the shortest 
sub-arc of T joining the points p,q G T. 

Proof. For any small value S > 0, let A4(5) denote a family of all doubly- 
infinite, P-periodic (in x) directed smooth arcs T satisfying (|294j) . By (|294p , 
the numbers K = K (S) := B + 5 and R a = R„(S) := (l/(B + 6)) (where 
B := sup { |V ln(a(p)) | : p G G}) serve respectively as the uniform upper bound 
for the curvatures of the arcs T G M{5), and uniform lower bounds for the 
corresponding radii of curvature of the same arcs. For any fixed T G M(5), 
let S denote the set of all ordered pairs (p,q) G T x T such that ||7|| > ttRq, 
where 7 denotes the shortest sub-arc of T joining p to q. Then T :— {(p, q) G 
S : ||7|| = 7ri?o} C S, where for any pair (p, q) G T, we have that \p — q\ > 2Rq 
unless 7 is exactly a half-circle of radius i?o- 

We use a = a(T) to denote the absolute minimum value of the (bounded, 
continuous) distance function \p — q\ : S — > 5R. In the following study, we restrict 
our attention to the case where \p — q\ < 2R for some pair (p, q) G S\T. Then 
it is clear from the above comments that the distance function \p — q\ : S — > di 
achieves an absolute minimum value a = a(T) G [0, 2R ) at a pair (p, q) G S 
such that ||7|| > ttRq. In view of this, the shortest straight line-segment L 
joining p G T to q G T is perpendicular to T at both endpoints p, q. 

Given r G M{5) and the "closest points" p, q G T, we use ui to denote a simply- 
connected domain whose boundary is given by dui = 7 U L, where 7 (resp. L) 
denotes the shortest sub-arc of T (resp. the straight line-segment) joining p and 
q. Since L is perpendicular to V at p and q, and since T does not cross itself, 
we have that f^K(p)ds — ±tt. Also 

f ip v {p)ds= f f /±i>{p)dA>H\\u\\ 

by the divergence theorem, where ip(p) := l n ( a (p)) an d v is the exterior normal 
to w, and also f L \ip„\ds < £> ||£|| if L C G. Finally, it follows directly from 
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(|294[) and the above inequalities that 



B\\L\\ > tt + H\\oj\\ -S\\j\\, (295) 

provided that L C G, as is always true if ||L|| < 2i?o, and if the region G has 
an exterior tangent ball of radius (3i?o/2) at every point p G dG. Assuming 
that (i): a = a(T) < 2Ro, we define the double-point free strip-like domain 
w (a/2), consisting of all points p & uj such that dist(p, T) < (a/2). One sees that 
w (a/2) C u, and therefore that 

INI > IK«/a)|| - («/2) / (1 + (a/W*)) dt > (a/2)|| 7 || - 7r(a 2 /8), (296) 

involving a counter-clockwise integral of the counter-clockwise oriented curva- 
ture function Kit). Thus, assuming (i), it follows by (|295|) and (|296[) that 

Ba > tt(1 - (Ha 2 /8)) + ((Ha/2) - d)\\j\\, (297) 

and it follows from (ii): 26 < Ha and (j2"9"T)) that (iii): Ba > vr(l - (Ha 2 /8)), 
without regard to the length of 7. Here, the inequality (iii) is equivalent to 

.-^^■WD. ^y;^ (298) 

In the case in where Eq(B, H) < 2Rq, it follows that Eq(B, H) is a lower bound 
for a(T). If Eq(B, H) > 2i?o, on the other hand, then the inequalities (|298|) and 
(i) are mutually contradictory, implying that the assumption (i) is impossible 
and therefore that a(T) > 2Rq. In other words, given a small, positive value 
So > 0, we have 

a(r) > a for any < 5 < S and T e M(5) such that Ha(T) > 25, (299) 

where we set ao := min {2Rq(Sq), Eo(B, i?)}. It remains to prove the following: 
Given ao defined above, there exists a value £1 € (0, Sq] so small that 

a(r) > (a /2) > for all r G M(8i). (300) 

Toward the proof of p00|) from (|299)l . we define <p(Ri,S) := inf {a(r) : T G 
.M(5), 7ri? < ||7|| < Hi} for any <5 G [0,<5 ] and i?i G [nR ,oo). Then (iv) 
<?i(i?i,0) > ao for the fixed value ao > defined following (|299|) . and for any 
value Ri G (7r.R0, 00), as 1S seen by setting 6 = in (|299[) . We claim that, 
given any fixed value ai G (0,ao), we have that (v): <j>(Ri,5) > ai for any 
Ri G (ttRq, 00) and for any value 5 G (0, <5i], where the value 5\ = di(a±) G (0, #0] 
is sufficiently small, depending on the value a\. In fact if (v) is false, then 
there exist constants ao.i G (0, ao) and R\ G (ttRq,oq), and a positive null- 
sequence (Snj of values in (0,5q] such that the corresponding sequence 
(r„)^°_ 1 of P-periodic C 2 -arcs such that T n G A4(S n ) and the absolute cur- 
vature of r„ is therefore uniformly bounded by Ko(5 n ) := B + S n , such that 
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the related sequences (j n ), yPn), (in), (L n ) (in which j n C T n and the 

terms 7„ , to n , p n , g„ , L n are defined by analogy to 7, w, p, 5, and L) such that 
tt-Ro < ||7n|| < -Ki an d a(T n ) = |f> n — q n \ < ao,i, both for all n E N. In view of 
the uniformly-boundedness of the absolute curvatures of the arcs r„, n E N, it 
follows by the theorem or Ascoli-Arzela that there exists a subsequence (which 
we still index by n G N) such that T n -t T E M(0), \\"f n \\ —> \h\\ < Ri, 
and a(r„) — > a(T) < a ,i, which contradicts (iv) 0(i?i,O) > a , complet- 
ing the proof of (v). In view of (v), we have that (vi): Ha(T) — 28 > 
Hai — 26 > for all arcs T E A4(5i), where we define ct\ := (cco/2) and 
Si := min{(5i(ai), [Hot\/2\\. In view of (vi), the assertion poop follows from 

Lemma 5.18 (Sequences of solution- arcs not having a uniform bound for their 
arc-lengths per P -period (in x)) In 1ft 2 , let be given an infinite sequence (r„) 1 
of P -periodic (in x) directed arcs in X(G) having uniformly bounded absolute 
curvature per P -period, and each having an arc-length parametrization p n (t) : 
5ft — > C1(G) such that the mapping p' n (t) : 5ft — > dP>i(0) is L n -periodic (where 
L n := ||r„|| = the length of one P-period (in x) of Y n ). Assume each arc 
r„ does not cross itself, and has absolute curvature \p'n(t)\ never exceeding a 
uniform bound Kq . Then: 

(a) If there exists a closed, bounded ball Q which contains one P-period (inx) of 
each arc T n , and if, nevertheless, we have that L n — > 00 as n 00, then there 
exists a subsequence [T n ^j and an arc T C Q of bounded absolute curvature 
and infinite length such that T has the arc-length parametrization p{t) : 5ft — > Q, 
and such that p n (i)(t) — > p(t) as i —> 00, uniformly relative to any compact 
subset o/5ft. Also, T does not cross itself and does not have absolute curvature 
\p"(t)\ ever exceeding Kq. 

(b) Let r C Q denote the doubly-infinite directed arc of Part (a). Then either 
r has infinite length or else it is (or contains) a closed (i.e. periodic) arc 7, 
because the function p(t) either is periodic in 5ft or else is periodic for sufficiently 
positive or sufficiently negative t E 5ft. In the case where T has infinite length 
as t — > 00 (resp. t — > — 00), the set of accumulation points 7 + (resp. 7" ) of T 
as t — y 00 (resp. t — > ~oo) is a closed (i.e. periodic) C 2,1 -arc having all the 
properties previously stated regarding T in Part (a). 

(c) The infinite arc T C Q with the properties stated in Parts (a) and (b) does 
not exist. Therefore, the sequence (r„) , with properties stated in Part (a) 
does not exist. 

Proof of Part (a). Let p n (t) : 5ft -> Q, n E N, (such that p n (t + L n ) = p n (t) + 
(P, 0) for all t E 5ft) denote the corresponding arc-length parametrizations of the 
arcs r„, n E N, such that for each n E N, the related L„-periodic functions 
p' n (t),p'^(t)) are such that \p' n (t)\ = 1 and \p'^(t)\ < K , both for all t E 5ft. By 
applying the theorem of Ascoli-Arzela to the sequence of uniformly Lipschitz- 
continuous forward-tangent-vector functions T n (t) = p' n (t) : 5ft — » dP>i(0), we 
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pass to a subsequence {T n (i))^ 1 such that T n ^(t) — > T(t) uniformly on any 
compact subset of 3? as i — > oo, where T(t) : 3? — > dL>i(0) denotes a C 1 ' 1 - 
function such that \T(t)\ = 1 and |T'(*)| < K , both for all t € 3?. It also 
follows for the same subsequence that p„ (t) — > p{t) on any compact subset of 3? 
as n — > oo, where the function p(t) : 3? — >■ Q is chosen such that p(0) = limp n (0) 
as n — > oo and p'(t) = T{t) at all i £ 3?. Clearly p(t) : 3? — >■ Q is the arc- length 
parametrization of an arc Y C Q of infinite length and uniformly bounded 
curvature. Also, the arc Y does not cross itself, since the arcs Y n don't. 

Proof of Part (b). (See the proof of Lem. 14.21( a) for some details.) Let 
pit) : 3ft — > Q denote an arc-length parametrization of a directed arc Y a Q 
of infinite length, and of absolute curvature uniformly bounded by Kq, Then 
\p{t) - p(r)\ > (2/n)\t - t\ for all t,r € 3? such that \t - r| < vri? , where 
i?o = (l/^o)- Let p„ := p(t n ) £ Q for all n £ N, where the sequence (t n ) is 
chosen such that t n < t n+ i < t n + {-nR /2) for all n 6 iV, so that |p n+ i— p„| > Rq 
for all n. Using the compactness of Q, we pass to a subsequence (i n (j)) i _ 1 such 
that qi := p{t n u\ ) — > po € Q as i — > oo for some accumulation point po of Y in Q. 
Then obviously | i — ?i| — > as i — > oo . Therefore dist (gi , T ,) = | — \ — > as 
i — > oo, where := Y \ Yi, in which Yi denotes the arc-segment of Y associated 
with all t £ 3? such that \t — t n ^ \ < (irRo/2), and where Ti denotes a point in 
Yi closest to qi. Clearly, if i is sufficiently large, then is not an endpoint of Tj, 
and therefore the straight-line-segment Li joining qi to € Yi is perpendicular 
to r at the point r^. In view of the bounded curvature of Y, it follows that up to 
a small error for sufficiently large i, the directed arc-segment 7^ of Y joining qi 
to Ti (which does not cross itself) must have a turning angle of (b.l) ±7r (half- 
turn either way) or (b.2) ±2ir (full turn either way). In either case, it follows 
that ||wi|| > (||7j|| 2 /47r) > (itRq/4) up to a small error for sufficiently large i, 
where uji denotes the bounded connected region whose boundary consists of ji 
and Li and is its Euclidean area. The arc-segments of Yi cannot cross the 
line-segment Li, except possibly at its endpoints, qi,r.i £ Y, since otherwise 
would not minimize the distance from the point qi to the arc I\ . Since Y cannot 
cross itself, it follows that Y cannot cross the arc 7,, and thus cannot pass from 
the domain uji to the interior of the complement of w^, or visa versa, except 
possibly by passing through an end-point of Lj. 

In case (b.l), the directed arc Y enters dui at qi, follows du>i to ri along 7j, and 
then permanently exits Cl(wi) at Ti. Therefore, given large i £ N, there exists 
j £ N large enough such that i < j and qj := p(t n tj\) > qi (in terms of the 
natural ordering in Y). Therefore, there is a domain cjj associated with qj which 
does not intersect cjj. Should case (b.l) occur infinitely often, it would follow 
that there exist infinitely many pairwise disjoint regions uti in Q, each having 
area exceeding (ttRq/A). This contradiction of the compactness of Q shows that 
case (b.2) must occur infinitely often. In the case (b.2), we observe that the 
directed arc Y enters Cl(uJi) at qi, then follows duii on 7, until it enters uji at the 
point at Ti, after which it must remain inside oji permanently as i — > 00. It is 
important to distinguish two sub-cases of case (b.2), namely "left full turn" and 
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"right full turn" (up to a small error for large n in each case). In fact it is easily 
shown for sufficiently large i that if a " left full turn" configuration at i precedes 
a "right full turn" configuration (or visa versa) at k > i, then there exists a 
type (b.l) configuration at some j with i < j < k. Therefore, the sequence 
cannot include infinitely-many type (b.2) configurations of each sub-type, and 
there must exist a number i e N so large that all the type (b.2) configurations 
for i > i are of the same sub-type. Thus, the infinite directed arc T eventually 
becomes a counter-clockwise or clockwise spiral, and it has a closed directed arc 
7 (which does not cross itself and satisfies the same absolute curvature bound 
as T) as its set of accumulation points as t — > oo. Clearly T does not cross 7, 
and is therefore located weakly inside or weakly outside 7; the convergence to 
7 being eventually monotone in either case. 

Proof of Part (c). Under the assumptions of Part (a), there exists a doubly 
infinite spiral limit arc T C Q whose sets 7 ± of accumulation points (as t ±00) 
are simple closed curves each solving the limiting equation: 

K(p) = (d/dis) \n(a(p)), (301) 

where v (resp. K(p)) denotes the left normal (resp. left oriented curvature) at 
p G 7 ± . By integrating Q301I) on 7 ± , we conclude that 

-2tt= / K{p)ds= ( (d/dv)\n(a{p))ds (302) 

= J J A\n(a{p))dA> HW^W, 
where 7 ± = 9w ± . This contradiction proves the assertion. 

Theorem 5.19 (Uniform upper bound for the arc-length per P -period of peri- 
odic solution arcs) Assume in the context of Prob. \j.3\ that G is a P -periodic 
(in x) strip-like domain having interior and exterior tangent balls at all bound- 
ary points, and that the given C 2 ' 1 -function a(p) : $R 2 — > 5R + is strictly log- 
arithmically sub-harmonic in G, in fact we assume: Aln(a(p)) > H > 
throughout G. For each n £ N, let T n — (r n! i,r„ 2) <E X(G) denote a P- 
periodic (in x) classical solution of Prob. \4-3\ at \ n — (A„.i, \ n ,2) G and let 
r„ := {p € Q n : U n (p) = 1/2} denote the corresponding P -periodic (in x) "cen- 
ter arc" of the solution (where U n (p) := U(T n ]p) in the closure of£l n := fl(T n ) ). 
Here, we choose the vector sequence (A„) n in $l 2 + such that X n> i 00 and 
^n,iHn both as n — > 00 for i — 1,2, where we set /i„ := ln(A n! 2/A n! i) 
(compare to Thm. \4-7\ l- Then there exists a uniform upper bound M for the 
arc-lengths of the restrictions to a single P -period (in x) of the "center arcs" 
r„ of the solutions T n , n £ N . The proof is based on the curvature-estimate: 

\K n {p) - (dhx{a(p))/dv n )\ < \ n A\(i n \ + (2AHexp(Jl))/A 2 X n ) (303) 

valid at all points p £ Cl(fi„) ; where K n (p) (resp. u n ) denotes the left curvature 
of ( resp. the left normal to ) the level curve of U n through the point p, and where 
A„ := max{A„,i, A„,2} and \ n := min{A„,i, A,^} (see Lem. \4-6[ Eq. jljl^ ). 
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Lemma 5.20 (Toward the proof of Thm. \5.19l Uniform upper bound for the 
horizontal spans of the single P -periods (in x) of all P -periodic solution arcs.) 
Under the assumptions of Thm. \5.19l there exists a uniform bound M such that 
x n (t) — x n (r) < M uniformly for all n £ N and t, t £ 5i with t < t, where 
Pn(t) = (x n (t),y n (t)) : — > G denotes the arc-length parametrization ofT n . 
It follows that \x n ,i — x n .2\ < [M + P) uniformly for the center curves of all 
solutions T n , and for all points p n .i = {x n .\,y n ,i) and p Ut 2 = (x n ,2, Vn.-i)- both 
contained in the same P -period of T n 

Proof. Assume in Prob. I4.3l that G C < b} for a constant b < oo. For each 
n G N, let p n (t) = (x n (t),y n (t)) : — > G denote the arc-length parametrization 
of the P-periodic (in x) "center arc" r„ of the solution T n £ X(G) of Prob. 
14.31 at A n , and let L n denote the arc- length associated with one P-period of T n . 
Suppose that no uniform upper bound M := sup {M n : n £ iV} < oo exists 
as described in the assertion, where we define M n :— max{x„(t) — x n (r) : t > 
t in 3?} for each n £ N. Then by passing to a subsequence (still indexed by 
n £ N), we can assume that M n — > oo as n — > oo. Obviously L n > M n for 
any n. For any n £ N and any integer k, the mapping p n ,k{t) '■= (x n (t) + 
kP,y n (t)) = p„(t + kL n ) : !ft — > G is the arc-length parametrization of the 
horizontal fcP-translation of r„, which coincides with r„. In view of this, we 
can translate the x and t variables to arrange things so that x n (±L n /2) = 
±(M n /2) for each n £ N . Thus, each arc r n is partitioned into the three arcs: 
f„ := {p n (t) : \t\ < (L«/2)} and T± := {p n (t) : ±t > (L n /2)}, such that, in 
terms of the natural ordering in T n , T n passes from {x = +(M n /2)} n G to 
{x = — (M n /2)}(lG without intersecting {|x| > (M„/2)}, while T~ passes from 
{x = -oo, \y\ < b} to {x = (M n /2)}nG without intersecting {x > (M n /2)} and 
T+ passes from {x = — (M„/2)} n G to {x — oo, \y\ < b} without intersecting 
{x < —(M n /2)}. We can assume, after applying the theorem of Ascoli-Arzela 
to pass to a subsequence, that the arcs T n and converge respectively to arcs 
T (passing from {x — oo, \y\ < b} to {x — — oo, \y\ < b}) and T" 11 (both passing 
from {x = — oo, \y\ < b} to {x — oo, \y\ < b}). Moreover, the three arcs T and 
r 1 * 1 do not cross each other, because the original curves r„, n £ N do not cross 
themselves. In other words, we have 

r~ < f < T+. (304) 

It also follows from the uniform self-separation property of the arcs T n , n £ N 
(see Lem. I5.17[) that dist(r„,r^) > (ao/2) for all sufficiently large n £ N, 
from which it follows in the limit that dist(r,r ± ) > (ao/2), and therefore 
that the inequalities in (|304p are both strict. Also, it follows from (|303D in the 
limit as n — > oo that the arcs satisfy the condition (|301D (namely K (p) = 
(d I ' du)\n(a(jp)j , where K(p) (resp. u) denotes the left-oriented curvature of 
(resp. left normal to) r ± at any point p £ T ± . By substituting (j301[) into the 
divergence theorem relative to one P-period ui of the strip-like region bounded 
by the arcs T^ 1 , we conclude that 




A\n(a(p)) dA = 0. 
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But this is impossible, in view of our assumption that A ln(a(p)) > in G. This 
contradiction proves the assertion. 

Proof of Thm. 15.191 In the context of Thm. 15.191 let be given a sequence 
( r »)r=i of center-arcs L„ <= X(G) n C 2 satisfying (0021) • By Lem. l£2DT b). 
the horizontal span of one P-period of the P-periodic arc r n remains uniformly 
bounded as n — > oo. Therefore, there exists a compact ball Q containing one 
P-period (in x) of each of the arcs r„, n G N. In view of this, the sequence 
(•^n) j remains uniformly bounded as n — ^ oo (where L n denotes the arc- 
length of one P-period of the center-arc T n ), since the unboundedness of the 
same sequence would contradict Lem. 15.181 
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